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^0Ka3aTejiBCTBa. 

Been TeKCT npomiTaH h o,n,o6peH jieKTopoM. 

O 3aMeHaHiiHx, npefljiojKemiHx, a Taione HaftfleHHtix h6tohhocthx hjih onenaTKax MOJKCTe micaTt Ha a^pec 

suselrOyandex . ru. 

/^aHHBiii ,zi,OKyMeHT Ha6paH c HcnojiB30BaHiieM CTiuieBoro naiceTa dmvn. 
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Ot (B)peflaK 141/11/1 

Bbijiii BHeceHBi KOCMeTHnecKiie npaBKi-i b ncxo^HBie tckctbi. Coo6m,eHiiH 06 OHin6Kax h onenaTKax mbi c pa^ocTBio 
nepeflafliiM aBTopy ,h,jih HcnpaBjieHHa! B 3 aKjnoHeHiie /i,o6aBHM, hto djvu-BepciiH CKopee Bcero 6yn,eT y6paHa c caiiTa 
b nojiB 3 y 3 toh, 6ojiee KanecTBeHHOH Bepcnn. 

nocjie^HHH komhhjihh,hh: 4 Maa 2012 r. 
06 HOBjieHHH ^OKyMeirra — Ha caiiTax http://dmvn.mexmat.net, 
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1. BBeflem/ie 

Cun Teopiia C03flaHa A. JTe 6 eroM. CyTb: HOBaa Teopiia Mepbi h HHTerpajia, npii3BaHHaa pacmnpnTB KaK Kjiacc 
H3MepiiMbix mhojkcctb, Tax h Kjiacc iiHTerpiipyeMbix 4>yHKii,iiii. 

HcxoflHbiMii oSteKTaMi-i Teoprm Mepbi HBjiaiOTca a/ieMenmapHue Mnoofcecmea : Ha npaMoii R 1 sto KOHenHbie o 6 t>- 
efliiHeHiia npoMeacyTKOB Bima [a, /3\, (a, /3), (a, /3\, [a, /3); Ha njiocKOCTi-i R 2 h b R" — npoiOBefleHiia TaKOBBix. Ha 
sjieMeHTapHbix MHoacecTBax ecTecTBeHHbiM o6pa30M 3aflaeTca Mepa: b R 1 sto fljnma npoMeacyTKa, b R 2 i-i b R" - 
cooTBGTCTBeHHO njioiu,a,ii,b h n-MepHbiii oSteM. ^ajiee HyjKHO npoflOjcKiiTb Mepy Ha 6ojiee HiiipoKiiH Kjiacc MHoacecTB 
Tax, hto 6 bi BbinojiHHjiocb cboiictbo a.zmiiTiiBHOCTii Mepbi: ecjn-i A fl B = 0, to Mepa MHoacecTBa AU B paBHaeTca 
cyMMe Mep mhojkbctb A h B. 3HaHiiTejibHbix pe3yjibTaTOB b 3tom HanpaBjieHini ,n,0CTiir AKopflaH. 

Onpe,a,ejieHHe. Onrypa E u3M,epu,Ma no iKopdany, ecjn-i fljia jno 6 oro £ > 0 cymecTByiOT sjieMCHTapHbie MHoace- 
CTBa A, B , Taraie hto A c E c B h A (B\A) < e. 3^ecb A — Mepa. 

y stoto onpeflejieHiia ecTb Oflra He^ocTaTOK: Kjiacc H3MepiiMbix no AKop^aHy mhojkbctb He 3aMKHyT OTHOCiiTejib- 
ho cneTHoro oGBefliiHeHiia. B nacTHOCTii, MHoacecTBO Q fl [0, 1] Heii3MepiiMO no AKop^aHy. nosTOMy noTpeSoBajiocb 
yTOHHiiTb noHHTiie H3MepiiMOCTH MHoacecTBa, h sto 6 bijio c^ejiaHO JIe 6 eroM. ^jia Ka»yi,oro MHoatecTBa E C [0, l] ra 

oo oo 

onpe^ejiaeTca ero BHeniHaa Mepa: A *{E) = inf{ ^ A (Ek) ■ Ek — sjieMCHTapHbie nE C (J Ek}. 3Ta cjsyHKtpia He 

k=l k—1 

HBjiaeTca Mepoii Ha Kjiacce Bcex no^MHoacecTB xy 6 a [0, 1]", Tan nan OHa, BOo 6 m;e roBopa, Hea^miiTiiBHa. Tor^a cyacaa 
Kjiacc paccMaTpiiBaeMbix MHoacecTB (c BHeniHeii Mepoii) , mbi npiixo^HM k noHaTino H3MepiiMOCTii no JIe 6 ery. 

Onpe,ii,ejieHiie. Mhohccctbo E u3MepuMO no JleSezy , ecjn-i fljia jno 6 oro £ > 0 HaftfleTca sjieMeHTapHoe mhojkbctbo 
E e , TaKoe hto \*{EAE e ) < e, iyje EAE e = {E U E e )\(E fl E £ ). 

Kjiacc H3MepiiMbix no JIe 6 ery MHoacecTB 3HanHTejibH0 irnipe Kjiacca mhojkbctb, H3MepiiMbix no AKop,n,aHy, h 3a- 
MKHyT OTHOCiiTejibHO CHeTHoro oSBefliiHeHiia. 

Hcnojib3ya co3,a,aHHyio hm Teopnio Mepbi, Jle 6 er npimyMaji coBepmeHHO HOByio KOHCTpyiopiio HHTerpajia, otjiiih- 
Hyio ot KOHCTpyKipiii PiiMaHa. OKa3biBaeTca, hto Bee iiHTerpiipyeMbie no PiiMaHy 4>yHKH,riri iiHTerpiipyeMbi h no 
JIe 6 ery, ho npn stom Kjiacc iiHTerpiipyeMbix no JTe 6 ery 4>yHKH,ini HaMHoro nnipe. 

Ho 3 to 6 bijio BBeflemie. Tenepb Mbi npiiCTynaeM k cncTeMaTiinecKOMy ii3Ji0JKeHiiio Teopnn, co^epacamen aHOHcn- 
poBaHHbie ii MHorne flpyrne pe3yjiKraTbi. 

2. OcHOBHbie nOH51T \AH Teopnn Mepbi 

2.1. A/ire6pbi m <j-a/ire6pbi m HO>K ecTB 

OnpeflejieHHe. nycTb X — ocHOBHoe npocTpaHCTBO. Kjiacc si no^MHoacecTB MHoacecTBa X Ha3biBaeTca cuize6pou , 
ecjni 0,X £ si n si 3aMKHyTO OTHOCiiTejibHO KOHeHHbix TeopeTiiKO-MHOJKecTBeHHbix oneparprii. Ajire 6 pa Ha3biBaeTca 
<j-ajize6pou , ecjni flonycnaiOTCH cneTHbie onepapini. 

3aMeaaHHe. B stom onpeflejieHini mojkho TpeSoBaTb 3aMKHyTOCTii Kjiacca srf OTHOCiiTejibHO HenoTopbix one- 
papiiii, nepe3 KOTopbie mojkho Bbipa3iiTb Bee ocTajibHbie. HanpiiMep, b onpeflejieHiiii cr-ajire 6 pbi ^ocTaTOHHO Tpe 6 o- 
BaTb 3 aMKHyTOCTii OTHOCiiTejibHO pa 3 HOCTii n cneTHbix oSBefliiHeHiiii. B caMOM ^ejie, imeeM A\(P| A n ) = (J(A\A„), 

n n 

i\(U4)=nw»)- 

n n 

npuMepm: 

1°. srf — {0,X} — TpiiBiiajibHaa tr-ajire 6 pa. 

2°. srf = 2 X -- fliiCKpeTHaa tr-ajire 6 pa (ajire 6 pa Bcex no^MHoacecTB MHoacecTBa X). 

3°. 3jieMeHTapHbie MHoacecTBa Ha OTpe3Ke [0, 1] o6pa3yiOT ajire 6 py, ho He cr-ajire 6 py. 

4°. srf — {&/ C N : jih 6 o si KOHeHHO , J 11160 N\^ kohchho} — Toace ajire 6 pa, ho He cr-ajire 6 pa. 

5°. si = {E C X : jih 6 o |H| ^ Ho; jih 6 o |(A\H)| SC Ho} HBjiaeTca tr-ajire 6 poii (Ho — moiphoctb MHoacecTBa 

OO 

HaTypajibHbix nuceji). /^OKaaceM sto. Ecjiii E £ si, to X\E £ si no onpeflejieHino. A ecjni E n £ si, to (J E n £ si . 

n = 1 
00 

B caMOM ^ejie, ecjni ^jia Bcex E n BbinojiHeHO HepaBeHCTBO \E n \ ^ Ho, to | |J E n \ ^ Ho; a ecjni fljia o^Horo 113 E n 

n— 1 
00 

HMeeM \X\E n \ ^ Ho, to nojiynaeM |A\ 1J E n \ ^ Ho- 

n— 1 

TeopeMa 2.1. Ec/iu ^ — ceMeucmeo nodjunootcecms MHoatcecmea X, mo cyutficmeyem nauMewbrnasi a-a.aze6pa, 
codepotcaiyafi . Ona o6o3Hanaemcfi uepe3 cr(^). 

□ nojioacHM cr(J?) = p| £, rfle nepeceneHiie SepeTca no BceM cr-ajire 6 paM £, coflepacamiiM & . noKaaceM, hto 
MH oacecTBO aBjiaeTca (T-ajire 6 poii. Ecjiii A £ a(^), to fljia jho 6 oi"i cr-ajire 6 pbi £, coflepacamefi ceMeftcTBO & , 
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iiMeeM A £ £, nosTOMy X\A £ £ n, 3 HamiT, X\A £ AHaaoniHHO noxa3biBaeM, hto 113 Ai, A2, . . . £ &{&) 

OO OO 

caepyeT |J A„ £ a(^) h P| ^ 4^ e tr(^). ■ 

n=l n=l 


2.1.1. BOPEJIEBCKAil (T- AJirEBPA 

Onpepeaemie. BopeAeecKOu cr-ajire6poii npocTpaHCTBa R" (hjih ero nopMHOJxecTBa) Ha3biBaeTca er-aare6pa, 
nopojxpeHHaa bccmii OTxpbiTbiMii MHOJxecTBaMH. 

3aMeaaHHe. Ilocxonbxy ponoaHemie k OTKpbiTOMy MHoacecTBy 3aMXHyTO, mojkho cniiTaTb, hto SopeaeBCxaa 
tr-ajire6pa nopojxpeHa bccmii 3aMKHyTbiMii MHOJxecTBaMH. 

06o3HaaeHiie paa SopeaeBCxoii (T-ajire6pbi: ^(R ra ) hjih £$(X), rpe X C R". 

yTBepjK,zi,eHHe 2.2. BcAKoe ormcpumoe e R" MHOotcecmeo ecrm> He 6oj\,ee ue.u cuemnoe o6vedunenue orriKpumux 
mapoe e R" c payuonaAbHUMU yenmpaMu u payuonaAbHUMu paduycaMu. Jho6oe omKpumoe Muootcecmeo na npAMOu 
— sijio Koneunoe uau cuerrmoe o6beduHenue nonapno nenepeceKawinuxcA (du3 , smHKmHux) unmepeaAoe u jiyueu. 

□ IlycTb U C R" — OTKpbiToe mhohccctbo. ,ZIpH xajxpoii papiiOHaabHOii tohxii p £ U 6epeM Bee OTKpbiTbie 
mapbi V ( p , r) papnoHaabHoro papnyca r, Taxne hto V ( p , r) C U. MHoacecTBO Bcex Taxux mapoB cneTHO. OcTajiocb 
noKa3aTb, hto oGBepiiHeHiie stiix mapoB ecTb Bee U . Ecjiii Tonxa x G U papiiOHaabHa, to poxa3bmaTb Henero. Ecan 
>xe x He HBjiHeTCH papiiOHajibHoii, to paccMOTpiiM map B C U c pempoM b Tonxe x. IlocKOjibKy cxojib yropHO 6 jiii3ko 
k TOHite x HMeiOTCH papnoHaabHbie tohxii, cyipecTByeT map c pempoM b papnoHajibHoft tohxc ii papiiOHajibHbiM 
papnycoM, copepjKaipnii x h copepjxaipHiica b B. 

,Z]pa opHOMepHoro caynaa H3 npiiBepeHHoro Bbime paccyacpemia cjiepyeT, hto ax>6aa CBH3Haa KOMnoHeHTa mho- 
xecTBa U — jih6o ayn, jih6o inrrepBaji, jih6o bch npaMaa R. I 

3aMeMaHHe. ,Z]pa R 2 sto y>xe He Tax. 

3apana 2.1. /( 0Ka3arm> , umo omupurnuu ueadpam neAU3A npedcmaeumb e eude cuemnozo odneduneHUA nenepe- 
ceKcnomuxctt orriKpumux Kpyzoe. 

3apana 2.2. He cyu^ecmeyem napKema U3 3a.umymux Kpyzoe d.riA R 2 , ecAu 3anpemumt> nepeceuenuA enympeH- 
Hocmeu. 

TeopeMa 2.3. <j-a,Aze6pa £§(R) nopootcdaemcA KawcduM U3 CAedymipux KAaccoe: 

1) Aynu (— 00 , r), zde r G Q; 

2) Aynu (— 00 , r], zde r G Q; 

3) npoMeotcymKu euda (a, b\, zde a,b G Q; 

4) npoMeotcymKu euda [a, b\, zde a,b G Q; 

5) npoMeotcymKu euda ( a,b ), zde a, b G Q. 

,Z],oxa3aTejibCTBO stoh TeopeMbi HecjioacHoe h cjiepyeT H3 BTopoft aacTii yTBepjKpeHiia 2.2. 

2.2. l/l3MepnMbie cfay h k p i/i i/i 

IlycTb X — H3MepiiMoe npocTpaHCTBO (T.e. npocTpaHCTBO X c tr-ajire6poH srf ero nopMHOJxecTB). 

OnpepejieHHe. OyHxpiia / : X — > R 1 Ha3biBaeTca u3MepuMou omnocumeAbHO sr / , ecjiii paa Bcaxoro MHoacecTBa 
B G ^(R 1 ) HMeeM f~ 1 (B ) £ &/. 

TeopeMa 2.4. OynuyuA f u3Mepu.ua omnocumeAbHO mozda u moAuno mozda, Kozda {x : f(x) < c} G srf dAA 
6 cakozo c G R. 

□ Yxa3aHHoe mhoskcctbo ecTb /^ 1 (EJ), rpe E = (— 00 , c). 3HamiT, ecjrn / H3MepiiMa OTHOCiiTeabHO to 

/ -1 (.E) G srf . 06paTHO, ecan paa Bcaxoro c G R HMeeM f~ 1 (E) G to xaacc £ = {E C R : f~ 1 (E) G g/} copepjxiiT 
Bee OTxpbiTbie ay'iH Biipa (— 00 , c). ,3,aaee, £ HBaaeTca (j-aare6poii (poxajKirre!), noaTOMy cr({(— 00 , c) : c G R}) C £. 
OTCiopa no TeopeMe 2.3 noaynaeM C £ , hto h TpeSoBaaocb. ■ 

IlycTb (JjyHxpiia / : R" — > R 1 H3MepiiMa OTHOCHTeabHO 6opeaeBCxofi cr-aare6pbi. Torpa / Ha3biBaeTca u3Mepu.uou 
no BopeAm nan 6opeAeecKou. 

Ecan (X,g/) h (Y,A§) — H3MepiiMbie npocTpaHCTBa, to OTo6pajxemie / : X — >Y Ha3biBaiOT {sY , A§) -u3.uepu.uuM, 
ecan / _1 (H) G g/ paa aio6oro B G 28. 

3aMeHaHHe. HenpepbiBHaa (JiyHxpiia aBaaeTca 6opeaeBCxofi, Tax xax MHO»cecTBO {x : f(x) < c} OTxpbiTO paa 
aio6oro c G R. 

TeopeMa 2.5. nycmu cfrymyuu f n u3.uepu.uu omHoeumeAUHo a-a.aze6pu sY . Tozda: 

1) otifi + a 2/2 ecmu g/-u3MepuMaA cfiyHKyuA dAA ajoCux 03,02 G R; 

2) f 1 ■ f 2 — g/ -u3MepuMaA cfjyHKyuA; 

3) / 1//2 — g/ -u3.uepu.uaA cfryuKyuA, ecAu /2 / 0; 
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4 ) Ecjiu p : R — > R — SopejieecKan tfiyuKyuA, mo <f> ynuyuA p o f± AesAemcA si - u3MepuMou ; 

5) Ecau f n — > f npu n — > oo, mo f u3Mepu.ua omnocumeAUHo si ; 

6) max{/i,/ 2 }, min{/i,/ 2 } — si -u3.uepu.uue cfiyHKyuu. 

□ 1) Ecjih a £ R, to cjsyHKuyia a ■ f aBjiaeTca ,e/-H3MepHMOH, TaK KaK npu a / 0 i-nvreeM (a • /) _1 (— oo,c) = 

= / _1 (— oo, c/a) £ si . OcTajioct ,n,0Ka3aTb, hto cyMMa f\ + fi aBjiaeTca si -n3MepMMoii. 3 to cjie^yeT H3 penoHKii 

OO 

paBeHCTB {x : (/i + / 2 )(x) < c} = (x : /i(x) < c-/ 2 (x)} = U ({^ : fi(x) < r n }(l{x : r n < c-/ 2 (x)}), r^e Q = {r n }. 

n—1 

Hcho, hto nocjie^Hee o6 r he^nHeHne bxo^ht b si. 

2), 3) CjieflyiOT n3 n. 4). 

4) Ecjih B £ H(M), to p~ 1 (B) £ H(R), nosTOMy (ip o f 1 )~ 1 (B) = ff 1 (p~ 1 (B)) £ si. 3HamiT, cJiymcpHsi po fi si- 
H3MepnMa. B nacTHOCTii, ecjiu / — <e/-H3MepiiMaa cjjyHKnyia, to (jjyHKnnn / 2 n 1 // (npu f ^ 0) Taxace si -nsMepiiMht. 

1 / 1 

Tenept H3 paBCHCTBa f ■ g = — ((/ + g ) 2 — f 2 — g 2 ) cjie^yeT nyHKT 2), a nyHKT 3) — H3 paBeHCTBa — = / • — . 

2 g g 

OO OO OO 

5) IlycTb / = lim /„. Tor^a {x : f(x) < c} = (J (J f| { x '■ fm(x) < c - \}, hto 03HanaeT, hto f(x) < c 

n ~ > °° k—l n=l m>n 

TOiyja n tojibko TOiyja, Kor^a cymecTByiOT nncjia k , n £ N, Tanne hto ,h,jih jno6oro m > n BBinojiHeHO HepaBeHCTBO 
f m {x) < c — i. Tax Kax fljia jno6bix to, k £ N MHoacecTBO {x : / m (x) < c — jieaaiT b si , to h MHoacecTBO 
{x : f(x) < c} jiejKHT b si. 

6) OcTaBjiaeTca b xanecTBe ynpaaoremia. ■ 

CjieflCTBHe 2.1. Ecau nauamu c uenpepuenux g 5yHKU,uu u npuMeHAmu k hum onepayuu caoshcchua, eunumanuA, 
y.uHoofceHUA, deAenuA u 63AmuA npedeAunux nepexodoe, mo 6ydym noAyuamucA H-u3.uepu.uue, m.e. 6opeAeecKue 
(fiyHKyuu. 

3aMeHaHne. IlycTb Bq — Kjiacc Bcex HenpepbiBHbix cjjyHKHMH. IIpH n = 1,2, .. . onpe^ejniM Kjiacc B n KaK mho- 
acecTBO Bcex <J>yHKn,nn, He jieacamiix b Kjiaccax Bq, B \, . . . , £?„_ i, ho aBjiaiomaxca noTOHeHHbiMH npe^ejiaMii nocjie- 
flOBaTejibHOCTefi (J)yHKnnii 113 stiix KjiaccoB. MHoacecTBa B n Ha3t>iBaiOTCH KAacca.uu Bopa (Baire). Hx o6x>e/i,HHeHiie 
no n ot Hyjia ^o SecKOHenHOCTH eipe He ^aeT Bcero Kjiacca 6opejieBCKiix t})yHKHHH. 


2.3. Mepbi i/i nx npoflo/i>KeHM5i 

2.3.1. Meph 


HanoMHiiM, hto ecjin flBa MHoacecTBa A h B He nepecexaiOTca, to iix o6 r be [ niiHeHiie mojkct 6biTb TaKace 060- 
3HaneHO nepe3 A\J B. Taxoe oGtefliiHeHiie Ha3BiBaeTca du3&wHKmHUM. Chmboh U no^nepKiiBaeT, hto nepeceneHiie 
oGtefliiHaeMbix iim MHoacecTB nycTO. 

OnpeflejieHHe. IlycTB si — ajire6pa MHoacecTB b npocTpaHCTBe X. OyHKpiia to : si — > R Ha3BiBaeTca addumue- 
hou , ecau m(A U B) = m(A) + m{B) ppin jno6bix HenepeceKaiomuxca MHoacecTB A, B £ si . 

OO 

OnpeflejieHHe. OyHKpiia y : si — > R Ha3biBaeTca cuemno-addumuenou (hjih a-addumuenou ), ecjiu y( |J A n ) = 

n= 1 

oo oo 

= ^2 y{A n ) npu ycjiOBiiii, hto |J A n £ si (Ecjii-i si — cr-aare6pa, to nocjieflHee ycjiOBiie H3JimnHe). 

n= 1 n= 1 

3aMenaHHe. 9 to BaacHO. Taxue cneTHO- a/miiTHBHt,ie (JjyHKiiHH mbi Sy^eM Ha3biBaTb MepaMU. 

IIpHMepM: 

1°. IlycTB si = {A C N : jiii 6 o A , jih 6 o N\3 kohchho}. IIoaoacHM y(n) = 2~ n . Tor^a 6ya,eM hmctb 

p({n i, . . . ,Hfc}) = 2 ni + . . . + 2 nk 


h /i(N) = 2. IIojiyHHjiH, hto y — cneTHO- a/^iiTiiBHaa cjjyHKpua Ha aare6pe si . 

2°. PaccMOTpiiM MHoacecTBO X, cneTHoe no^MHoacecTBO {x n } C X h nocjieflOBaTejiBHOCTb niicea a n > 0, Tam-ix 

OO OO 

hto ^2 ct n = 1. IIojioaaiM si = 2 X . Onpe^eaiiM 4>yHKipno y : si — / R (JiopMyjioii y = "22 <^nS Xn , r^e 

n= 1 n—1 


1 , ecjin x n £ A , 
0, ecjin x n <£_ A. 


OyHKpua S Xn Ha3BiBaeTca .uepou fl, upaita b Tonxe x n . TaxnM o6pa30M, y(A) = ^ a n fljia aio6oro A £ si. Mohcho 

n\Xn^A 

npoBepiiTb, hto (JiyHKpiia y CHeTHO-a,imiiTiiBHa. 

3°. IlycTB si = {^4 C [0, 1] : jiii6o |^4| ^ Hq, jhi6o | [0, 1] \^4| ^ Hq}. IIojio>khm 


y{A) 


1, ecjin | [0, 1]\A\ < H 0 , 
0 , ecjin |^4| < H 0 . 
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OneBimHO, hto p — CHeTHO-a/mi'iTiiBHaa: Mepa. 

4°. srf — ajire6pa ajieMeHTapHbix MHOJKecTB Ha OTpe3Ke [0,1]. HanoMHiiM, hto s/ coctoiit 113 kohchhbix oGbeflimeHim 
npoMesKyTKOB Bii^a (a, b), [a, b), (a, b], [a, b\. IlycTB A — tfjyHKipiH ,i];jiiihbi npoMe»cyTKOB. A^iitiibhoctb stoh (fjyHKipin 
OHeBiiflHa. Hto6bi flOKa3aTb ee cneTHyio a,zmiiTiiBHOCTb, HaM noTpeSyeTca bbccth o^ho noHHTiie. 


2.3.2. KOMnAKTHME KJIACCL.I 

OO 

Onpe,a,ejieHHe. CucTeMa Aff noflMHOJKecTB b X Ha3BiBaeTCH KOMnaitmHUM kaciccom, ecjn-i H3 ycjiOBiiH P K n = 


n—1 


N 


= 0 ( K n £ JE) cjie^yeT, hto cyipecTByeT N £ N, Taxoe hto f] K n = 0. 

n—1 

Hhbimh cjiOBaMH, ecjrn Kaac^oe KOHCHHoe nepecenemie HenycTO, to h cneTHoe HenycTO. 

Ochobhoh npiiMep KOMnaKTHbix KjiaccoB flaeTCH cjieflyromeii jieMMoii. 

JleMMa 2.6. Ecau AtoOoe Mnootcecmeo K £ A(f AeAAemcA KOMnanmoM, mo — KOMnanmnuu KAacc. 

N N 

□ IlycTB I\ n £ Jff h p| K n ^ 0 flji h jno6oro N £ N. Tor^a cyipecTByeT tohka xjy £ P K n . Ecjii-i nocjie^OBa- 

n= 1 n—1 

TejiBHOCTB {x n } CTa6iuiH3iipyeTCH Ha sjieMeHTe x, to x — sto o6ih,hh sjieMeHT Bcex K n . IlHane nocjieflOBaTejibHOCTb 
{x n } HMeeT npe^ejiBHyio TOHKy x, 3Ta tohkh jiejKHT bo bcox I\ n . ■ 

TeopeMa 2.7. LFycmb p — HeompuyameAbnaA addumueHan cfiyuKyuA na aAze6pe srf u cyiyecmeyem KOMnanmnuu 
KAacc Af C sd , maKoii umo Oaa bcakozo MHoatcecmea A £ g/ uMeeM p{A) = sup {p(K) : K C A, K £ AfA}. Tozda 
cfjyHKyuA p CHemHO-addumuena. 

IIpejKfle ueM ,noKa3biBaTb 3Ty TeopeMy, ycTaHOBHM ,a,Ba BcnoMoraTejibHbix pe3yjibTaTa. 

N 

IIpefljiOKeHHe 2.8. fl^An, ak>6ou neompuyameAbHou addumuenou cfiyHKyuu p na aAzeSpe stf umccm p( [J A n ) ^ 


n=l 


N 


^ E ^{ A n)t zde Ai, . . . , An — npou,360Abnue Mnootcecmea U3 stf . 

n— 1 

□ PlH^nyKpi-iH no N . ,ZpH N = 1 ^0Ka3biBaTb Henero. IlycTB yjin N = k ^ 1 yTBepjKflemie ,n,OKa3aHO. Toryja 

k-\-l k k k k 

M U A n ) = p{( U An) u (A k+ 1 \ U An)) = p( [J A n) + p(A k+1 \ J A n ). IIo npeflnojiojKeHiiio HHflyKpim ime- 

n=l n—1 n—1 n—1 n=l 

k k k k 

eM p( |J A n ) < X] A i{A n )- KpoMe toto, h 3 paBeHCTBa A k+1 = (A fc+ i\ J A n ) U (A k+ 1 n [J A n ) cjieflyeT, hto 

n=l n=l n—1 n=l 

k k-\- 1 fc+1 

^{A k + 1\ IJ A n ) sC p(A k . |_i). OTcro^a OKOHHaTejiBHO UMeeM p( (J A n ) ^ E v( A n)- ■ 

n=l n—1 n=l 

IIpefljiojKeHHe 2.9. Addumuenasi cpyHKyuA p na aAze6pe srf CHemHO-addumuena mozda u moAbKo mozda, Kozda 

OO 

lim p{A n ) = 0 npu A n J. 0 (T.e. A n + 1 C A n h p A n = 0, sto cboiictbo Ha3biBaeTCH Henpepuenocmbio (fiyuKyuv, p 

n ^°° n= 1 

e Hyne). 

□ IlycTb ecTB HenpepbiBHOCTB b Hyjie. PaccMOTpiiM ceMeftcTBO mhohccctb B n £ srf , npimeM Bi 0 Bj = 0 

OO OO ^ 

npu i ^ j. IlycTb B = (J B n £ stf . IIojioh<;iib C n = (J Bi, HMeeM C n \, 0. IIosTOMy p(C n ) — > 0. OTCio^a 

n—1 i=n 

n—1 n—1 oo 

0. Tax Kan p( |J Bi) = J2 T0 nojiynaeM p(B) = A 


n—1 

p(B) -MU Bi) 

i = 1 


06 paTHO. HMeeM A\ — (Ai\A2) U (A2\As) U noaTOMy cxo,zi,HTca ^ fi(A n \A n + 1), OTKyn,a 

n—1 

oo oo oo 

E v( A n\ A n+ 1) o npu N -a oo. Ho X] v( A n\ A n+ 1 ) = MMv), h 6 o A n = |J (A n \A n+ 1 ). 3HaHHT, p(A n ) -A 0 

n=N n=N n=N 

npu n — > oo. I 

Tenepb ^OKajKeM TeopeMy 2.7. 

OO 

n— >• oo 


□ Bocnojib3yeMCH npefljrcoKem-ieM 2.9. IlycTb {A n } £ srf , A n+ \ C A n h P A n = 0. MoKanceM, hto p(A n ) - 

n = 1 

> 0, 3to h flacT HaM cneTHyio a/miiTiiBHOCTb (J)yHKHHH p. B caMOM ^.ejie, ecjin p(A n ) ■/> 0 npu n — > oo, to 

cyn^ecTByeT e > 0, Taxoe hto p(A n ) ^ e npu jiio6om n, nocKOJibKy p(A n +i) ^ p(A n ). PMnee, cym,ecTByeT mhojkcctbo 

OO OO oo 

K n £ Taxoe hto K n c A n h p{A n ) < p{K n ) + ^. 3aMeTHM, hto P K n C P A„ = 0, T.e. P K n = 0. IIosTOMy 

n=l n=l n—1 

N N 

b cnjiy KOMnaKTHOCTii Kjiacca cym;ecTByeT N £ N, Tanoe hto Pi Mi = 0. Tenepb 3aMeTi-iM, hto An = p A n c 

n=l n=l 


6 



N 


N 


C U (A n \K n ). B caMOM /jejie, nycTb x G An. Toiyja x G A\, . . . , Ajv-i, 

71= 1 

npn kbok^om n ^ N. Ho Tor^a x G K n pjisi KaoK^oro n ^ TV, OTKyzja a; G 

AT AT 

At(^4jv) < y{ U (A n\K n )) < n(A n \K n ) < e. npoTiiBopemie. ■ 

71=1 71=1 


-A/v- EcjII'I X ^ LJ (A n \K n '), to x A n \K n 

n— 1 
N 

p| i7 n = 0. IIpoTHBopeHiie. Tenept HMeeM 

n= 1 


Tenepb BepHeMca k npiiMepy 4° n. 2.3.1. IlycTb A — (JiyHKipiH /pniHbi Ha ajire 6 pe si sjieMCHTapHbix mhojkbctb. 
Tor^a A chgtho- a^zpiTHBHa • B caMOM ^ejie, b KanecTBe KOMnaKTHoro Kjiacca mojkho b3htb KOHenHbie oSbeflimeHiiH 
OTpe 3 KOB. 

AHajioniHHO o6ctoiit flejio b R 2 ( M . n ) c (JjyHKpiieii njiomaflii (n-MepHoro o6beMa) A Ha ajire6pe ajieMeHTapHbix 

MHOJKBCTB. 


3aMeaaHHe. Ycjiobiih TeopeMbi 2.7 He hbjijhotch Heo6xo/iH m m m m yjiz cneTHOn a/yiyiTHBHOCTH, ho b npaKTHnecKHx 

CHTyapHHX OHII BbinOJIHHIOTCH. 

Banana 2.3. IIycrm> y — nenpepuenaA Mepa na J?(R"). Tozda djia ak>6ozo MHOMcecmea B £ J?(R") u ak>6ozo 
e > 0 naudymcA KOMnaumnoe MHoanzecmeo K e C B u oimcpumoe Muootcecmeo U e D B , maKue umo y{U e \K e ) < e. 

3 aMeaaHHe. 9 to ate BepHO fljia jno 6 oro nojiHoro cenapa 6 ejibHoro MeTpunecKoro npocTpaHCTBa. 

HTaK, a, a TTTTTTTBHOCTb . BOo 6 m;e roBopa, He 03 HanaeT cneTHyio a^miiTHBHOCTb, o^HaKO BjieneT ee npn HexoTopbix 
flonojiHHTejibHbix ycjiOBiiax (HanpiiMep, Hajiiimie KOMnaKTHbix KjiaccoB). OflHaKO ecTb h ycjiOBiiH, KOTopbie hbjihiotch 
H HeoSxOflHMblMII, H flOCTaTOHHblMII. 


2.3.3. 3KBHBAJIEHTHUE yCJIOBHil CHETHOH AflflHTHBHOCTH MEPbl 

IIpefljiojKeHHe 2.10. Ilycmu HeompuyameAunaA cfiyuKyuA y addumuena na cuize6pe si. Tozda CAedywiyue ycAO- 
euA paenocuAbHu: 

1°. OyHKyuA y cuemHO-addumuena. 

2°. OynKyuA y nenpepuena e nyAe (m.e. y(A n ) — > 0 npu n — > oo, ecAu A n 0; A n £ si). 

OO 

3°. Ecau B n £ si u B n f B £ si (m.e. B n C B n+ \ u (J B n = B), mo y(B n ) n ~ >0 °> y{B). 

71=1 

oo oo oo 

4°. Ecau A n £ si u U £ si, mo y( (J A n ) ^ 22 y(A n ) (omo ceoucmeo ifiyHKyuu y na3ueaemcA cneTHOfi 

71=1 71=1 71=1 

nojiya^miiTHBHOCTbio ). 

□ PaBHOCHjibHOCTb 1° 2° y»ce ,n,OKa3aHa (cm. npe^jicoKemie 2.9). 

2° <^>3°, h6o ecjin A n J, 0, to X\A n t X; xpoMe toto, B n f B (B\B n ) l 0. 

OO 

OcTajiocb flOKa3aTb paBHOCiuibHOCTb nyHKTOB 1°, 2°, 3° nyHKTy 4°. IlycTb A n £ s/ h (J A n £ srf . IIojiojkhm 

71=1 

71 OO OO 

B n = (J Ak £ si . IiMeeM B n f (J A n , noaTOMy y( (J A n ) = lim y(B n ). ^ajiee, no jieMMe 2.8 nojiynaeM y(B n ) ^ 

fc= 1 ra= 1 n= 1 n—too 

71 OO OO OO 

^ ^2 y(Ak). OTcrofla y(B n ) ^ 22 niAk)- Ilepexofla k npe^ejiy npn n — > oo, nojiynaeM y( (J A f. ) < J2 T( A k)- 

k= 1 k= 1 k= 1 k= 1 

oo 

06paTHO, nycTb BbinojiHeHO ycjiOBne nyHKTa 4°. PaccMOTpHM MHO^cecTBa A n G si , TaKne hto |J A n G si. B 

71=1 

OO OO 

ciijiy caeTHOfi nojiya^miiTiiBHOCTH <|>yHKipiH y HMeeM y( |J A n ) ^ 22 ^(A n ). C ^pyroft CTopoHbi, b cnjiy HeoTpiipa- 

71=1 71=1 

oo k k oo 

TejibHOCTi-i (JjyHKpini y HMeeM y( [J A n ) ^ y (\2 A n ) = 22 A l (A n ) npn jiio 6 om HaTypajibHOM k. 3HamiT, y( |J A n ) ^ 

71=1 71=1 71=1 71=1 

OO 

^ 12 ^{An), HTO h flOKa3biBaeT cneTHyio a^niiTiiBHOCTb cj)yHKnnn y. ■ 

71=1 

Kan CTpoiiTb cneTHO-a,zmHTHBHbie Mepbi Ha tr-ajire6pax? 0Ka3biBaeTca, hto cneTHO-a^niiTiiBHaH Mepa Ha ajire6pe 
si npoflOjDKaeTCH ^o CHeTHO-a^miiTiiBHOii Mepbi Ha <r(si). 


2.4. BHenihmfl Mepa n n poflo ji >K e h i/i e Mep 

2.4.1. BHEiiiHaa mepa 

Onpe^ejiiiM BHeniHioio Mepy y* yjisi HeoTpiipaTejibHOH cr-a/yi.HTHBHOH Mepbi y Ha ajire 6 pe si. 

OnpeflejieHHe. IlycTb E — jnoSoe MHoncecTBO H3 2 X . Bueumeu Mepou MHoncecTBa E Ha3biBaeTCH BejiimiiHa 

OO OO 

y*(E) = inf{ 22 v(A n ) : A n £si;E C (J A n }. 

71=1 71=1 
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IIoKpMBaTb ecTb neM, noaTOMy 0 ^ y*{E) ^ y{X). Boo6in,e roBopa, BHenmaa Mepa Hea/miiTiiBHa Ha Kjiacce Bcex 

MHOJKBCTB. 

JleMMa 2.11. 

1°. \y*{A) — y*{B)\ sj y*{AAB) djiH aw6ux A,Bg 2 X . 

2° . OymnyiH y* o6jiadaem ceoucmeoM cuerriHou no.nyaddumueHocmu na 2 X . 


□ 1°. IIoKajKeM, hto y*{A) ^ y* (B) + y* {AAB ) . IlMeeM: A C B Li {AAB), nosTOMy pocTaTOHHO npoBepiiTb, hto 

BHenmaa Mepa nojiyappiiTiiBHa, T.e. y*{Ei U £ 2 ) ^ l- l *{Ei ) + y*{E 2 ) pjia jiio6bix Ei,E 2 G 2 X . B caMOM pejie, nycTB 

OO OO OO OO OO 

El C U C U A", npnaeM y*{Ei) ^ J2 v{A' n ) - e n y* {E 2 ) > EE 1*{A") -£■ ■ Torpa Ei UE 2 C U (A'„UA") 

n= 1 n—1 n= 1 n—1 n= 1 

OO OO OO 

h y*{Ei U E 2 ) < J2 M A'n U A") < EE n{A' n ) + /x(A") < y* {Ei) + y*{E 2 ) + 2e. OcTajiocB ycTpeMiiTB £ k Hyjno. 

n=l n=l n—1 

2°. IlycTB A„ C X, n € N. IlycTB £ > 0 npoii3BOjiBHoe hiicjio. A- 1151 Kaacporo n £ N cyipecTByeT Ha6op 

OO OO OO OO OO 

MHOJKBCTB {Pnkj^Ll C si , TaKOH HTO A n C (J P„fc H EE ^{Pnk) < y* {A n ) + . Torfla UiC U U -Pnfc, OTKyfla 


At*( u -4") ^ E E M(-Pnfc) < I] H*{A n ) +£. B CHjiy npoii3BOjiBHOCTH £ nojiyaaeM y*{ |J A n ) < EE y*{A n ), hto h 

n —1 n=l k= 1 n —1 n=l n=l 

TpeSoBajiocB. ■ 


OnpepejieHHe. 06o3HaHiiM nepe3 Kjiacc Taxiix mhojkbctb E C X, hto pjia jiio6oro e > 0 cyipecTByeT 
MHOJKecTBO A e G si, ypoBjieTBopaiomee ycjiOBiiio y*{EAA e ) < e. MHoacecTBa H3 2zf M Ha3BiBaiOTca u3MepuMUMU no 
JIe6ezy OTHOCiiTejmHO MepBi y (hjih npocTO y-u3MepuMUMu) . 


2.4.2. OCHOBHAa TEOPEMA O nPO,Z],OJE>KEHHH MEPt.1 

TeopeMa 2.12. Ilycmb y — cHemHO-addumuenasi HeompuyameAmas, Mepa na azize6pe si. Tozda: 

1°. BneuiHJifi Mepa fi* coenadaem c y na st . 

2°. Mnootcecmeo sie.tifiemcsi a-ajize6pou, codepotcaiyeu a{si), u <fiyHKV,ufi y* cuemHo-addumueHa na B 
uacrrmocmu, y* daem cnemno-addumueHoe npodojiatcenue Mepu y na a{si). 

3aMeaaHHe. 9 to caMaa Tpyupaa TeopeMa b Kypce. 

OO 

□ 1°. IlycTB E G si. Torpa y*(E) SC y(E ), h6o E ce6a noKpbiBaeT. C ppyrofi CTopoHbi, ecjni E C (J A n , 

n —1 

OO OO OO 

A n G si, to y{E) = n( LJ {An f~l E)) < ^E y{A n 9 E) < ^E L l {A n ), OTKy^,a y{E) ^ y*{E). TaiaiM o6pa30M, 

n=l n=l n=l 

y{E) = y*{E) h si C 

2°. Ecjii-i A G to X\A G Jz? M , h6o fljia jno6oro E £ si HMeeM {X\A)A{X\E)) = AAE, h noTOMy 
p* (X\A)A(X\P) = y*{AAE), T.e. Kjiacc 3aMKHyT othochtcjibho flonojiHemni. 

Tenepa nycTB A,B£ IIoKaaceM, hto A U B G Bo3BMeM npoii3BOjiBHoe e > 0. Tor^a cym;ecTByiOT 

MHoacecTBa Ei,E 2 G si, Taraie hto y*{AAEi) < e h y*[AAE 2 ) < e. IIocKoaBKy [A U B)A{Ei U E 2 ) C {AAE{) U 
{BAE 2 ), HMeeM y* (^4 U B)A{Ei U E 2 ) Sj y*{AAE{) + y*{BAE 2 ) < 2e no jieMMe 2.11. 

Pa3 MHoacecTBO 3aMKHyTO othochtcjibho onepapnit \ h U, cjiepoBaTejiBHO, aBjiaeTca ajire6poit. 

Tenepn poKaaceM a/miiTiiBHOCTB (JjyHKpiiii y* . IlycTB A, B G h A n B = 0. Hyamo noxasaTB, hto y*{A U B) = 
= y*{A) + y*{B). HepaBeHCTBO y*{A U B) ^ y*{A) + y*{B ) caepyeT H3 jieMMbi 2.11. IlycTB e > 0 - npoH3BOjn>Hoe 
hhcjio. Cym;ecTByiOT MHoacecTBa Ei,E 2 G si, TaKne hto y*{AAEi) < £ h y*{AAE 2 ) < £. Ilo jieMMe 2.11 HMeeM 

y*{AU B) ^ y*{EiU E 2 ) — y* {A U B)A{Ei U E 2 ) . ^ajiee, BBime 6 bijio noKa3aHO, hto y* {AU B)A{EiU E 2 ) <2 e. 
IIocKOjiBKy Ei,E 2 G si, c yneTOM nyHKTa 1° HMeeM y*{Ei U E 2 ) = y{Ei U E 2 ) = y{Ei) + y{E 2 ) — y{Ei fl E 2 ) < 
^ (neMMa 2.11) ^ y*{A) — £ + y*{B) — e — y{Ei n E 2 ). IIpH stom EiC\E 2 c (AAEi) U {BAE 2 ), OTKypa y{Ei C\E 2 ) < 
< £ + £ = 2e. IlTax, y{Ei U E 2 ) ^ y*{A) + y*{B) — Ae h nosTOMy y*{A U B) > y*{A) + y*{B) — 6e. Tax xax £ > 0 
npoii3BOjiBHO, to U B) ^ y*{A) + y*{B), hto h poKa3BiBaeT apniiTiiBHOCTb cjjyHKipm y* . 

B ciijiy cneTHOii nojiya/miiTiiBHOCTii (J)yHKpiiH y* Ha ajire6pe Jzf^ (jieMMa 2.11) H3 npepjiojKeHiia 2.10 caepyeT 
cneTHaa apniiTiiBHOCTb y* Ha 2z? M . 

OO 

OcTajiocB poKa3aTb, hto Jz?^ — sto cr-ajire6pa. IlycTB { A n } c Hapo poxasaTB, hto (J A n G J ^ejio 

n=l 

^ ^ ~ n —1 

CBO^HTCH K ^HSTjIOHKTHOMy oGlje^HHeHHK), eCJIH B 3 HTB A\ = A 2 = ^4.2 \^ 1 5 • • A n = A n \ (J Ak, • • •• HcHO, HTO 

k= 1 

^ 00 00 

G npii jiioGom n G N h hto (J A n = (J A„. Tenepn cniiTaeM, hto MHoacecTBa A n nonapHO He nepecexaiOTCH. 

n = 1 n=l 

n n 00 00 

^aa aio6oro nGN HMeeM ^*{Ak) = A**( U Ak ) < M*( U Afc). IIosTOMy pap ^ y*{AA) cxopiiTca, a 3HaHHT, pjia 

fe=i fc = 1 fc=i fc=i 
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BCHKoro e > 0 cym,ecTByeT iV^N, TaKoe hto fi*(Ak) < e. Ilo yoKe ,n,OKa3aHHOMy HMeeM A\ U . . . U An G «5? m . 

k>N 


N 

3HanHT, cymecTByeT MHOHtecTBO E G TaKoe hto h*(E A( |J ^4^)) < £• IIoKaoKeM, hto mhookoctbo E xopomo 

fc= 1 


oo oo N oo 

annpoKCiiMiipyeT h mhojkcctbo |J ^4fc- HMeeM ( U A k )AE c (( U A k )AE) U ( U A k ). Tor fl a p* ( [J A k )AE\ < 

/c— 1 fc=l k—1 k>N k = 1 -* 

oo 

^ £ + /!*( |J Hfc) sA £ + ^ P*{A k ) < 2s. TaKHM o6pa30M, MHomecTBO (J A k no onpe^eneHino npimafljiejKHT 
k>N k>N k—1 

nosTOMy — cr-ajire6pa. Tan nan srf C 2z? M , to ct(,c/) C J§f M . ■ 


3aMenaHHe. Bojiee o6m,yio Konci pyKiuiio KapaTeoflopn cm. b khiokkc B.H. BoraneBa «Ochobbi Teopini Mepbi». 


CjieflCTBHe 2.2. Heompuv,ame.ai>naji cHemHO-addumuenaA Mepa na ajize6pe srf npodojiofcaemcH na Jzf M u na cr(g/) 
odno3nauH,o (c mpe6oeaHueM cnenmou addumuenocmu) . 

□ IlycTB A £ h A ) 0 KaKoe-Hii6ya,B cneTHO-a^miiTiiBHoe npoflOJiJKemie p Ha cr-ajire6py, coflepacaiiiyio 
mhojkbctbo A. SacjniKCiipyeM npoiraBOjibHoe £ > 0. Toiyi,a no onpeflenemno iraMepiiMOCTH cyipecTByeT mhojkbctbo 

OO 

B £ Tanoe hto p*{AAB) < e. 3to 03HanaeT, hto cymecTByiOT MHOxcecTBa C n £ #/, Tanne hto AAB C (J C n h 

n= 1 

oo oo oo 

Y l l (Cn) < £• Tor^a HMeeM X(AAB) ^ Y A(C7 n ) = ^ p{C n ) < e, nocKOJibKy p = X Ha OTCK>/i,a cjie^yeT, hto 

n—1 n=l n— 1 

|A(H) — A(.B)| ^ A(HAS) < £. C .npyroft ctopohm, Taione cnpaBefljniBO HepaBeHCTBO \p*{A) — p*(B)\ < e. YHiiTbiBaa, 
hto A (B) = p(B) = p*{B), nojiynaeM |A(H) — p*{A)\ < 2s, OTKyn,a b ciuiy npoH3BOjibHOCTii £ cjie^yeT A(H) = p*{A). 


Banana 2.4. Ilycmb p — cHemHo-addumuenasi HeompupameAbnaA Mepa na cr-ajize6pe srf u E ^ srf . Tozda cyipe- 
cmeyem cuemHO-addumuenaA HeompupameAwaA Mepa v na U {E}), Komopasi coenadaem c p na sA . 


2 . 4 . 3 . IIPHMEHEHHfl OCHOBHOH TEOPEMbI 

npiiMemiM npeflbiflymyio TeopeMy k ajire6pe sjieMeHTapHbix mhojkcctb b OTpe3Ke (b cjiynae R" — b n-MepHOM ny- 
6e) I c Mepon p, paBHOii fljnme (eooTBeTCTBeHHO n-MepHOMy o6T>eMy). Ha stoh ajire6pe 4>yHKH,Hn p CHeTHO-afta,iiTHBHa 
(Tan nan cym,ecTByeT KOMnaKTHbin Kjiacc). Tanoe npoflOJisceHiie Ha3biBaeTCH Mepou JIe6eza, a MHoncecTBa H3 — 
u3MepuMUMU no JIe6ezy. 3aMeTHM, hto D A3(I). 

TeopeMy 2.12 mohcho npiiMeHiiTb k jiio 6 oi"i HeoTpiipaTejiBHOfi a^zpiTHBHoit <J>yHKpHH Ha ajire6pe sjieMeHTapHbix 
MHoncecTB b I. B pe3yjit>TaTe nojiyniiM HeoTpiipaTejiBHyio Mepy Ha HenoTopoii cr-ajire6pe, co^epjKaniefi <r-ajire6py 
A8(I). OrpaHHHeHiie stoh Mepti Ha &{I) Ha3BiBaeTCH 6opeAeecKou Mepou. Hcho, hto jno6aH HeoTpi-maTejiBHaa chctho- 
a.jTjTTTTTTBHa.H Mepa Ha A8(I) HBjiaeTCH 6opejieBCK0ii. 

3aMeaaHHe. KpoMe ajire6p paccMaTpiiBaiOT em;e nojibpa h nojiyKOJibpa. Koauu,o 91 flonycnaeT onepapiiii U, D, 
\, h, KpoMe Toro, 0 £ 91. He Bcerfla HMeeM X £ 91, nosTOMy KOJibpo, BOo6m,e roBopa, He HBjiaeTCH ajireGpoii. 
HanpiiMep, orpaHiiHeHHBie MHoncecTBa b R o6pa3yroT kojibh,o. IIoAyKOAbpo 91o C 2 X — sto cucTeMa mhojkcctb, 
KOTopaa BMecTe c jho6bimii flByMa MHoacecTBaMii A, B co^epaaiT hx nepeceneHiie HflH, a pa3HOCTb A\B (noTopaa He 
o6a3aTejiBHO caMa jicskiit b 91o) mojkct 6bitb npeflCTaBjieHa b Biifle A\B = R\ U . . . U R m ^jih HenoTopbix MHoacecTB 
Ri , . . . , R m £ 91 0 . npiiMepoM nojiyKOjinpa aBjiaeTca Kjiacc {[a, /?)} C R, npuneM oh hc HBjiaeTca nojibpoM. Mojkho 
jierno npoBepiiTB , hto CHeTHO-a^miiTiiBHaa Mepa Ha 91o npoflOjiacaeTca ^o chctho- a/miiTi-iBHOH Mepbi Ha KOJitpe 91, 
noposK^CHHOM nojiyKOJibpoM 91o (sto nojibup cocTaBjiaiOT KOHenHBie oSTjefliiHeHiia sjieMeHTOB H3 9to). ^(ajiee, c KOjibpa 
91 3Ta Mepa npoflOJiacaeTca Ha cr-ajire6py cr(91). 

IIpHMep 2 . 1 . Mepa JIe 6 era-CTiijiTbeca. nycTB flaHa BepoaTHOCTHaa SopeaeBCKaa Mepa p Ha R (TepMi-m «Be- 
poHTHOCTHaa Mepa» 03 HanaeT, hto Mepa Bcero npocTpaHCTBa paBHa 1 ). OympuA pacnpedeAenuA stoh Mepbi ecTb 
F lx (t) = p((-oo,t)). OyHKpua pacnpeflejicmia o 6 jiaflaeT cjie^yiomHMH cbohctb hmh : 

1) mohotohho hc y6biBaeT; 

2 ) F^(t) 1 npn t —> +oo; 

3 ) F^{t) -4 0 npn t — » — oo; 

4) HenpepbiBHa cjieBa. 

IIpHMepM Mep JleGera-CTHjiTbeca: 

1 °. Mepa Jle6era A Ha 0Tpe3ne [ 0 , 1 ]. OyHKpua pacnpeflejieHiia ^jia stoii Mepbi iiMeeT bh;; 

[ 0 , t A 0 ; 
t £ [ 0 , 1 ]; 

U *> i - 
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2°. Mepa S ,ZI,npaKa b Hyjie. Oymapia pacnpe^ejieHHH 


0, t < 0; 

1, t > 0 


Fs(t) = 

riMeeT ckahok b tohk6 t = 0. Boo6me 1-13 paBeHCTBa y((— oo, t]) = /z((— oo, i)) + //({I}) cjie^yeT, hto cjjyHKpna i-meeT 
ckahok b TOHKe t Tor^a n tojibko Toiyja, Koiyja /i({t}) > 0. B HameM cjiynae <5 ({0}) = 1. 

06paTHO, ecjiH cjiymcpHa F(t) o6jia,n,aeT CBOiiCTBaMii 1)— 4) (JjyHKipiii pacnpe^ejieHiia, to cyipecTByeT eflimcTBeHHaa 
BepoaTHOCTHaa: SopejieBCKaa Mepa fi, TaKaa hto F lt (t) = F(t). B caMOM flejie, 3aMeTHM, hto F HMeeT He Bojiee neM 
cneTHoe hiicjio tohck pa3pBiBa. Toiyja B03BMeM b R cneTHoe BCKyjy njiOTHoe mhojkcctbo S tohck HenpepBiBHOCTii 
tl)yHKii,nH F h paccMOTpiiM ajire6py stf kohohhbix oS'be^HHeHHiT npoMexcyTKOB Biifla {a, /?}, (— oo, a}, {a, +oo) (cko6kii 
"{"h " } " 3aMeHHiOT jno6Bie H3 cko6ok "( "["h ") "]" cooTBeTCTBemio), r,n,e a,j3 £ S. A- 1151 jik>6bix a,/3 £ S, a < f 3, 
nojioJKHM y({a, j3}) = F((3) — F(a), fj,((— oo, a}) = F(a), y({a, +oo)) = 1 — F(a). TaxiiM o6pa30M, mbi 3a^,ajin Mepy 
Ha ajire6pe sd . Hcho, hto 3Ta Mepa KOHeHHO-a,zmiiTiiBHa. 

3aMeaaHHe. Ha caMOM flejie /i CHeTHO-a,zmiiTiiBHa, 1160 cyipecTByeT KOMnaKTHBifi Kjiacc (,h,jih jiyneit Bee cjieflyeT 
H3 onpeflejieHiiii <J>yHKii,nn F Ha ±oo). 

OcHOBHaa TeopeMa o npo,ii;ojr>KeHHH MepBi (TeopeMa 2.12) ,n,aeT Mepy y Ha ^(R) (Tax KaK ee-TO h 

Ha3HiBaioT Mepofi Jle6era-CTHjiTbeca. 

2.4.4. CBOHCTBA MEPBI JlEBErA B R ra 

IIpefljio>KeHHe 2.13. IIycmt> Mnootcecmeo A C R" u 3 MepuMo no JleSezy u X n — Mepa Jledeza e R". Tozda: 

1. JJaa aw 6 ozo eeKmopa h £ R" Mnoofcecmeo A + h mootce u 3 MepuM 0 no JIe 6 ezy u X n (A+ h) = X n (A). 

2. JJaa aw 6 ozo e > 0 cyiyecmeymm KOMnanmnoe MHOotcecmeo K £ C A u omicpumoe Mnootcecmeo U e D A, maKue 
Hmo X n (U e ) - £ < A n (A) < A n (K e ) + £. 

□ 1. Cjie^yeT H3 toto, hto fl0Ka3BmaeM0e BepHO /pia ajieMeHTapHBix MHoacecTB, noaTOMy sto BepHO h ,h,jih 

BHeniHefi MepBi. 

OO 

2. H3 onpe^ejieHHH cjie/iyeT, hto cynjecTByioT 3JieMeHTapHBie MHO^cecTBa Taicne hto A n (A) ^ ^ A n (Ek) — £ h 

k = 1 

oo oo 

Ac (J Ek- Bojiee o 6 ih,hm o6pa30M, mojkho caiiTaTB, hto Bee Ek otkpbitbi. noaTOMy mohcho nojioaaiTB U e = U E k . 

fc= 1 k - 1 

B3hb flonojiHeHiie MHOJKecTBa A ^o xy6a h npiiMeHiiB k H 6My ^OKa3aHHoe, nojiyniiM BiiiicaHHhiii b A KOMnaKT 6 jhi3koi“i 

MepBi. ■ 

Banana 2.5. Ilycmb O — opmozonaJibHuu onepamop e R ra . Tozda d/ui ak> 6 ozo u 3 MepuMozo Mnootcecmea A UMeeM 
X n {A) = X n {0(A)). 

IlpHMep 2.2. nycTB I — 6ecKOHeHHOMepHBiii Ky6: I = {(xi, X 2 , X 3 , . . .) : Xi £ [0, 1]}. B / ecTB ajire6pa h;hjihh/ipob 
B ii^a C = {(xj) £ I : (xi , . . . , x n ) £ B}, rpp B £ ^([0, 1]"), neM. MHoacecTBO B Ha3BiBaeTca ocnoeanueM piuniHflpa 
C. 

3a^aHa 2.6. 9mo deucmeume./i'bHo a.aze 6 pa. 

3a/j,aHa 2.7. IIycrm> X 00 (C) = X n (B). lloKa 3 arm>, umo 3 ma (pyrntyusi KoppeKmno onpedejinem Mepy na a.aze 6 pe 
yuAundpoe. 

3a/j,aHa 2.8. Kjiacc yuAundpoe c KOMnaKumuMu ocHoeanuAMU KOMnanmen. CAedcmeue: Mepa Xoo cuemHO-addu- 
muena. 

IlpHMep HeH3MepnMoro no JIe6ery MHoacecTBa. PaccMOTpiiM 0Tpe30K [0, 1] h BBe^eM Ha HeM OTHomeHiie x ~ y 
<=z x — y £ Q. To, hto 3to OTHOineHiie SKBiiBajieHTHOCTii, coMHeHiia He BBi3BiBaeT. B KaaiflOM Kjiacce SKBiiBajiCHTHOCTii 
Hi-icjio ToneK chctho. no aKCHOMe BBi6opa cyipecTByeT mhojkoctbo E, co^epaiamee pobho no o^HOMy sjieMeHTy Kaac^oro 
Kjiacca. noKaaieM, hto mhojk 6 Ctbo E Heii3MepiiMO no JIe6ery. npeflnojiojKiiM npoTHBHoe. 3aMeTiiM CHanajia, hto 
( E + n) n {E + T 2 ) = 0 npii jiio 6 bix n, T 2 £ Q. ^ajiee, A (E) = X (E + r ) npn jho 6 om r £ Q b cnjiy iiHBapiiaHTHOCTii 
MepBi JIe6era npii c^Biire. nycTB A (E) = 0. Tor^a 3aMeTHM, hto OTpe30K [0, 1] coflepaaiTca b o6 r h>e;i;nHeHHH mhohccctb 
Biifla E + r npii r £ [— 1, 1] n Q. 3HaHiiT, 1 = A([0, 1]) < A( (J (E + r)) < J2 A(£ + r) = J2 0 = 0 

re[-i,i]nQ re[-i,i]nQ re[-i,i]nQ 

npoTHBopeHiie. TenepB npeflnojioiKHM, hto A (E) = d > 0. Toiyi,a UMeeM [—1,2] C [J {E + r). 3HaHiiT, 3 = 

re[o,i]nQ 

= A([— 1,2]) > A( (J (E + r)) ^ ME + r) = d = 00 . npoTiiBopenne. 

re[o,i]nQ re[o,i]nQ re[o,i]nQ 

3a/j,aHa 2.9. Ilocmpoumb npuMep MHootcecmea E C [0,1], maKozo umo X *(E) = 0, A *(E) = 1, zde X *(E) = 

OO OO 

= sup{ X) X(A n ) : A n £ #/,E £) □ A n }. 

n — 1 n = 1 
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Tenepb nprmefleM npiiMep MHoacecTBa, Heii 3 MepHMoro OTHOCiiTejiBHO xaxoii-jiii 6 o Mepbi. Bo 3 bMeM X = {0,1}, 
nojiojKiiM p( 0 ) = 0, /. i({X }) = 1 , si = { 0 ,X}. Torfla hcho, hto MHoacecTBO {1} HeH 3 MepiiMO. 

2.4.5. OlMCAHHE H3MEPHMEIX MHOJKECTB 

IIpefljio>KeHHe 2.14. Tlycmt si — neKomopasi <j-ajize6pa nodMHOotcecme X c 3adaHnou na neu a-addumuenou 
Mepou p u A C X. Tozda A £ A = Aq U Z, zde Aq £ si u p*{Z) = 0. Hhumu cjiobclmu, cyipecmeywm 

MHoatcecmea Hi,H 2 £ si , maKue umo A\ C A C A 2 u p[A\) = /k(H 2 ). 

□ B o6paTHyio CTopoHy floxa3biBaeMoe yTBepacflemie acHO. ^oxanieM ero b npaMyio. Ecjiii A £ to fljia 

OO OO 

BCHKoro £ > 0 cym;ecTByiOT mho^kcctbel Bk E TaKne hto ft* (A) ^ ^2 — £ h A C (J B k- IIojio:>khm 

k= 1 k= 1 

oo oo 

A,e = u B k £ si. Toiyia HMeeM p*(A) ^ /z(A 2 , e ) — e. Tenepb 6epeM A 2 = f} A 2 a € si, xorpa p*(A ) = /z(A 2 ). 

fc = 1 m= 1 m 

^{onojiHeHiie k MHO»cecTBy A bxo^ht b Jzf^, npiiMemiM k HeMy ,n,oxa 3 aHHoe. nojiyaiiM mhoh<bctbo B £ si, TaKoe hto 
X\£L C B h p*{X\A) = p{B). Tor^a MHoacecTBO A\ = X\_B ynoBjieTBopaeT HarniiM TpeSoBamiaM. ■ 

2.5. l/l3MepnMbie cjDyHKpi/m Ha npocTpaHCTBax c Mepaivm 

IlycTb p ^ 0 — Mepa Ha cr-ajire6pe si b X. Othbihc tr-ajire6py 2zf M mhohccctb, ii3MepiiMbix no JIe6ery OTHOCiiTejibHO 
Mepbi p, Gypeu o6o3HaaaTb aepe3 si^, a npoflojiacemie p* Mepbi p Ha cr-ajire6py si^ 6yn,eM o6o3HaaaTb TeM ace 

CIIMBOJIOM p. 

Otmcthm, hto pa 3 BHBaeMaa HaMii Teopiia b ochobhom othoci-itch k cjiyaaio, xorfla p{X) < 00 , Ha sto cjie^yeT 
o 6 paTHTb BHHMarae. Ho Sojibhiiihctbo TeopeM, KOTopbie mbi floxaaceM, Taxace cnpaBe/pniBbi h ,h,jih cjiyaaa p{X) = 00 . 
06 3 tom cm. n. 3 . 5 . 2 . 

OnpeflejieHHe. OyHKii.Hn, iraMepriMbie othociitcjibho si^, Ha30B6M p-u3MepuMUMU. KpoMe toto, (JiyHxipiio / 
6yn,eM CHHTaTh /x-i-i3MepHM0ii, ecjin OHa onpeflejieHa Ha MHoacecTBe Xo £ si^, TaKOM hto p(X\X 0 ) = 0 (sto Ha3biBaeTca 
«/ onpe^ejieHa /n-noHTii BCKyjy»), h (JiyHKHHa / |x 0 HBjiaeTca /Lt-H3MepiiMoli, r^e p paccMaTpiiBaeTca Ha Xq. npn stom 
H a (})yHKH,HH / MoaceT 6 bitb He onpe^ejiCHa hjih npiiHUMaTb 3HaaeHiia ± 00 . OaKTiiaecKii Tpe6yeTca BbinojiHeHiie 

ycjiOBiia {x £ Xq : f{x) < c} £ si^ /pin jno6oro c £ K. 

3 aMeaaHHe. B flajiBHeftmeM 4>pa3bi «hohth BCio,zi,y», «noHTH Bcex» h 6 ya,eM aacTO 3aMeHHTb coKpam;eHHeM 

«n.B.» 

OnpeflejieHHe. nycTb ecTb nocae^OBaTejiBHOCTb c}3yHKn,HH /i,/ 2 ,..., onpeflejieHHbix /x-noaTii BCio^y. FoBopaT, 
HT0 fn f /i-no'iTH BCio^y (o6o3HaaeHiia: f n ^ n '°~> / hjih f n n ’ B '> /, ecjni acHO, o Kaxoii Mepe ii^eT peab), ecjin 
f(x ) = lim f n {x) fljia p-noaTii Bcex x. 

n—> 00 

no flOKa3aHHOMy paHee (TeopeMa 2 . 5 , n. 5 )), ecjin (])yHKHHH f n // - h 3 m e p h m bi h f n — > f p- n.B., to ({jyHKpua / 
Taxace /.i-H3MepiiMa. 


2.5.1. CxoflHMOCTb no mepe 

nycTb / 1 , / 2 , ... 11 / — /z-H 3 MepHMBie (JiyHKHHH. nocjieflOBaTejibHOCTB {f n }^L 1 Ha 3 biBaeTca ifyndaMeHmaAbHou no 
Mepe, ecjin ^jia Bcaxiix c, e > 0 cymecTByeT n e £ N, Tanoe hto p({x : \ f n {x) — f m (x) \ ^ c}) < e /pra Bcex n,m > n e . 
/Ipyi’HMH cjiOBaMH, fljia Kaacfloro c > 0 HMeeM p({x : \f n (x) — f m (x)\ ^ c}) — >• 0 npn n, m — > 00 . 

Onpe^ejieHHe. nocjie,n,OBaTejit>HOCTB (JjyHKHHH fi, / 2 , . . . cxoflHTca k <{)yHKiiHH / no Mepe (o6o3HaHemie: f n A- /), 
ecjin fljia Kaacfloro c > 0 HMeeM p({x : \ f n {x) — f(x) \ ^ c}) — > 0 npn n — » 00 . 

3a^,aflHMca BonpocoM: Kax 3Ta cxofliiMOCTb BjniaeT Ha ocTajibHbie Biiflbi cxo^iimoctii? 

IIpefljiojKeHHe 2.15. Ilycme> {f n } — nocjiedoeamejimocmb epyrncpiiu. Tozda: 

I. Ecjiu f n f npu n — > 00 , mo nocAedoeame.at>Hocmb {f n } (fyndaMenmaAbna no Mepe. 

II. EcAU fn /, mo fn A /. 

□ 

I. nycTb c > 0 . HMeeM {.x : | f n {x) - f m (x) \ > c} C {x : \ f n (x) - f(x)\ ^ f } U {x : \ f m (x) - f(x)\ > f }, Tax xax 
| fn(x) - fm(x ) I < I fn(x) - f{x) \ + \ f m (x) - f(x) \. OTCio^a Bee II cjie^yeT. 

II. nycTb c > 0. PaccMOTpiiM npn N £ N MHoacecTBa An = {x : |/ n (x) — /(x)| < c npn jho6om n ^ N}. HMeeM 

OO 

An C An+ 1 h, c yaeTOM ycjiOBiia, X = (J An c tohhoctbio ^o MHoacecTBa Mepbi Hyjib, nosTOMy p(An) p(X) 

n= 1 

npn N — > 00 . noaTOMy p(X\An) — >• 0 npn N — > 00 , OTxya,a p({x : |/ n (x) — fix) \ ^ c}) 0 npn n — > 00 . ■ 

IIpHMepM. 

1°. nycTb f n = i Ha [0, 1], Torfla f n —> 0 noToaeaHO h no Mepe. HMeeM A({x : |/„(x)| > 0}) = 1 npn jho6om n £ N. 
TaxiiM o6pa30M, b onpeflejieHiin cxo^hmocth no Mepe ycjiOBiie c > 0 cymecTBeHHO. 
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2°. ITocTpoiiM nocjie^OBaTejibHOCTb {/„} Ha OTpe3Ke [0, 1] c Mepoft Jle6era A, He cxoflHinyiocH hii b o^hoh Tonne, 
ho cxoflam,yiocH no Mepe k Hyjno. IIojiojkiim /o = 1. Ha n- m mare pa3o6neM 0Tpe30K [0, 1] Ha 2 n paBHBix OTpe3KOB 
Ii, , I’i.n n npii k = 1, ... ,2 n nojiojKHM 


fn,k ( X ) 


1 , x £ I k , 
0 , x£l k . 


3 aTeM pacnojiOKHM nojiyneHHbie cjDyHKipni f n , k b o^Hy nocjie,n,OBaTejibHOCTb /o, fn, /12, /21, fin, /A /A /31, • • •• 3 Ta 
nocjieflOBaTejiBHOCTb He cxo^htch hii b o,hhoii Tonne, o^HaKO OHa cxo,h,iitch no Mepe k Hyjno. 


2.5.2. Teopema Phcca 


HacTimHoe o6paiH,emie iiMiuniKapini «cxo,n,HMOCTb n.B.», =$■ «cxo r niiMOCTb no Mepe» ^aeT TeopeMa Pncca. 

TeopeMa 2.16. 

I. (Pucc) Ilycmb /„ A /. Tozda cymecmeyem nodnocnedoeameAbHocmb {fn k }, mama umo f Uk A / npu 
k — >• 00. 

II. Ecau nocAedoeameAbHoemb {/„} (ftyndaMeumaAbHa no Mepe, mo cymecmeyem p-u3MepuMaa <f> ynuyua f , ma- 
ma umo f n f . 


□ nycTB nocjie^OBaTejibHOCTB {/„} cjayH^aMeHTajibHa no Mepe (b I sto cjie^yeT H3 ycjiOBiiH, b II sto flaHo). Tor^a 
fljia jno6oro k £ N cyipecTByeT N k £ N, Taxoe hto y({x : \fn(x)—f m (x)\ ^ 2 _fc }) < 2~ k npu bccx n, m > N k . Hcho, hto 
mojkho cmiTaTb N k < 7Vfc_|_i . Tenept nonanceM, hto nocjie^OBaTejibHOCTb {fN k } cxo^htch n.B., T.e. (J)yH/i,aMeHTajiBHa 
h.b. ^eftcTBiiTejiBHO, nycTB E k = {x : \fN k {x) - fN k+1 (x)\ ^ ^}. Tor^a y(E k U E k+1 U . . .) < ^ + • • • < 

OO OO OO 

^ ^ 0 npu k — > 00 . nosTOMy p(M)= 0, r^e M = f ] | |J E m . Ecjih x £ M, to x ^ (J E m npu HenoTopoM 

k= 1 m=k m=k 

k. 3HaHiiT, npu jho6om to ^ k BbinojiHeHO HepaBeHCTBO | fN m (x) — fN m+1 {x)\ < OTCiOfla nojiynaeM, hto npu 
jno6bix i ^ j ^ k cnpaBefljiiiBO HepaBeHCTBO |/jv 4 (*) — fNj{x) \ < t^jA: OTKya,a h cjie^yeT (JiyH^aMeHTajiBHOCTb 
nocjieflOBaTejiBHOCTii {fN k (x)} npu x (f M . TeM caMBiM ,n,OKa3aHO I. Tenepn flOKanceM II. Hojiojkiim f(x) = lim fN k {x) 

k—> 00 


npu x M . Torfla (JiyHKpiiH f{x) HBjmeTcn /T-ii3MepiiMOii nan npe^eji cxo^Hmeiicji noHTii BCio^y noejieflOBaTejiBHOCTii 
H3MepiiMbix 4>yHKH,iiii (TeopeMa 2.5, n.5)). ^ajiee, fisr k A / H3 npefljiojKemiH 2.15, II. BbmefleM Tenepn, hto f n A /. 
3a(jH'iKCiipyeM c > 0 h e > 0. Tor^a no ycjiOBino cyipecTByeT hiicjio N £ N, Tanoe hto fljin Bcex m.,n > N BbinojiHeHO 
HepaBeHCTBO p{{x : \f m (x) — f n (x)\ ^ |}) < |. Mohcho TaKnce cmiTaTb, hto npu Bcex N k > N BbinojiHeHO HepaBeHCTBO 
^({ x '■ \fN k {x)~ f{x)\ ^ §}) < |. Tor^anpii Bcex n> N i-iMeeM p{{x : \f n (x)-f(x)\ ^ c}) ^ y({x : \f n {x)~ fN k {x)\ ^ 
^ f}U {x : | f n {x) - f{x ) | > f}) < p{{x : \ f n (x) - f Nk (x) \ > f}) + y({x : \f n (x) - f{x) \ ^ f }) < f + § = e. 3 to h 
03HanaeT, hto /„ A / npu n — > 00 . ■ 


3a/j,aHa 2.10. ffom 3 amb, umo cxoduMocmb no Mepe mookho 3 adamt> Mempumu, m.e. cymecmeyem Mempum p 
na MHooicecmee KAaccoe u 3 MepuMux cfynKyuu ( no omnomeHum SKeuea.aeHmHocmu, 3 adaeaeM 0 My paeencmeoM noumu 
ecwdy), mama umo f n A / 4 => p(f, f n ) — > 0 . 

3a/j,aHa 2.11. CxoduMocmb noumu ecwdy Heau3a 3adamb Mempumu daotce na MHOotcecmee nenpepuenux fjym- 
yuu. 


SaMCianiic. 9 ry cxo^iimoctb Hejib 3 H 'ia;i,a'n> ;i,a>KC Tonojionieii. 


2.5.3. Teopema Epopoba 

TeopeMa 2.17 (EropoB). Ilycmb y{X) <00 u nocaedoeameAbHocmb {f n } p-u3MepuMux (fiynKyuu cxodumca 
noumu ecwdy Ha X k fiyHKyuu f . Tozda daa ecamzo e > 0 cymecmeyem u3MepuMoe Mnoowecmeo X e C X, mame 
umo p(X\X e ) < e u f n f na X e . 

□ OyHKpiiH / HBjiaeTCH /j-H3MepnMon no TeopeMe 2.5, n. 5). PaccMOTpiiM MHoncecTBa X™ = p| {x : \fi{x) — 

i^n 

— f(x ) | < — }. HMeeM X™ C X™ C . . . npu jiio6om to, h Bee MHoncecTBa X™ hbjihiotch /Lt-n3MepnMbiMn. Hojiojkiim 

OO 

X m = U X™. Jfjin jno6oro to cyipecTByeT Tanoe k(m), hto p(X m \X^ m ^) < ^ (sto cjie^yeT 113 chcthoii a^mii- 

n— 1 

00 

thbhocth Mepbi /i). nojionciiM X e = pi XS m j. noKanceM, hto sto ii ecTb HCKOMoe mhojkbctbo. HMeeM y,(X\X e ) = 

m= 1 

0000 00 

= P x k{ m )) = M U i x \ x k(m))) < E x \ x k{m ))• 3a M eTHM, HTO y{X\X m ) = 0 npu jho6om to, h6o hs 

m= 1 m= 1 m= 1 

cxofliiMOCTH noHTii Bcio^y cjie^yeT, hto fljin noHTii Bcex x £ X cyipecTByeT n = n(x), Tanoe hto npn Bcex i ^ n 
BbinojiHeHO HepaBeHCTBO | fi{x) — /(x)| < noaTOMy x £ X™ C X m . HTax, MHoncecTBa X h X m OTjumaiOTCH Ha 
MHoncecTBO Mepbi Hyjib npu jik>6om to., nosTOMy MHoncecTBa X\X^ m ^ n X m \XJ^ m ^ TaK»ce OTjumaiOTCH Ha MHonce- 
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ctbo Mepbi Hyjib. rioaTOMy y(X\X £ ) < Jf d(X\XJfA = Jf g{X rn \Xff rn f) < Jf 5 ' 2 m = £■ Tenepb npoBepiiM, 

m— 1 m—1 m = 1 

A' e 

hto f n =4 /• ^ettcTBHTejiBHO, npii x £ X e fljia jno6oro to nojiynaeM |/i(a;) — f ( x ) \ < X n pn Bcex i ^ k ( m ), 1160 
X £ C 3to h 03HanaeT paBHOMepHyio cxofliiMOCTb nocjie^OBaTejibHOCTn {/„} Ha X e . I 

3aMenaHHe. B TeopeMe EropoBa Hejib3H issmti, e = 0. //eiicTBiiTejibHO, nycTB X = (0, 1) c Mepon Jle6era. IIojio- 
JKHM f n [ x ) = x n . Tor^a f n — > 0 Ha (0, 1) HepaBHOMepHO, h noTOMy hot MHOJKecTBa Z Mepti HyjiB, TaKoro hto x n =4 0 
H a (0,1)\Z. 


2.5.4. TEOPEMA J1V3HHA 

TeopeMa 2.18 (JIy3HH). Ilycrm> f — u3Mepu.uaji <f> ynuyuA na ompe3Ke [0, 1] c Mepou JIe6eza. Tozda d.tiA ocakozo 
£ > 0 cymecmeyem (fynnyuA f e £ C[0, 1], manan nmo A({.x : / 7^ / e }) < e. 

□ 3aMeTiiM, hto floCTaTOHHO ^OKa3aTb cjiepyiomee: fljia jho 6 oto e > 0 cyrpecTByeT KOMnaKT K e , Taxon hto 
A([ 0, l]\.A e ) < £ h (JiyHKpiiH / | K e HenpepbiBHa. Ecjih sto c^ejiaHO, to cyacemie cjiyHKipiii f Ha K e mohcho pponpe- 
^ejiiiTb no HenpepbiBHOCTii. Mhojkoctbo [0, l]\AT e otkpmto h noTOMy ecTb oGtefliiHeHiie nonapHO HenepeceKaiomHxcH 

OO 

HHTepBajiOB: [0,1]\A' £ = |J (&n,Pn)- Ha KanypoM HHTepBajie ( a„,/3„ ) B03bMeM jiiiHeimyio iraTepnojiapino Haineii 

n=l 

c})y r HKii;HH /, h SToro 6yn,eT ^ocTaTOHHO. /(ajiee, mojkho cniiTaTb, hto cjiymapui / orpaHHHeHHa, Tan Kan imane BMecTO 
f mojkho paccMOTpeTb tfiyHKipno / = arctg /. Unax, nycTb |/| Sj c. 3aMeTi-iM, hto cyipecTByeT nocjie^OBaTejibHOCTb 
{/„} H3MepiIMbIX (J)yHKipiH C KOHeHHblMII MHOJKeCTBaMII 3HaHeHIIH, paBHOMepHO CXOflHipaHCH K /. /(eilCTBIITejIbHO, 
^ejiHM OTpe30K [— c, c] Ha k n paBHbix nacTefl fljnmbi ^ A h nojiojKHM f n paBHbiM cepeflime j- ro npoMexcyTKa Ij Ha 
MHoncecTBe / _1 (7j). Tor^a HMeeM \f — f n \ A. Hcho, hto MHoncecTBa Aj = / -1 ( Ij ) ii3MepiiMbi h p,ii3 r biOHKTHbi. B mix 

_ n k n k n 

BnimeM KOMnaKTbi Sj C Aj, Tam-ie hto A (Aj\Sj) < — . Tor^a A([0, 1]\ (J Sj) < £2~ n . Ha MHoncecTBe K n = (J Sj 

n 1=1 i= 1 

OO OO 

cjjyHKpiiH /„ HenpepbiBHa. nycTb K e = p| K n , Tor^,a A([0, l]\AT e ) ^ ^ e2~ h = e. npn stom HMeeM f n £ C(K e ) npii 

n— 1 n — 1 

jho 6 om n h f n ^ / Ha 7\ e , nosTOMy (JiyHKpiiH /|^- HenpepbiBHa. ■ 

3aMe<iaHHe. Xoth (JiyHKpHH f \k e HenpepbiBHa, / MonceT He iiMeTb tohck HenpepbiBHOCTii Ha [0, 1]. npirnep TOMy 
— (JiyHKpiiH y[npnxjre D(x) Ha [0, 1]. 

3a/j,aHa 2.12. JfoKa3arm> cmcuioz meopeMU Jly3una d.tifi npouseo.ubHou 6opeAeecKOu Mepu na [0, 1]. 

CjieflCTBHe 2.3 (BbiTeKaioipee H3 flOKa iarejibCTua reopeMbi Jly3HHa). liycrrib f — oepaHUHennasi srf - 
u3MepuMasi fiyHKyuJi na u3M,epu,M0M npocmpancmee (X,£/). Tozda cyvuficmeyem noc.aedoeameAbHocrm> {f n } 
u3MepuMux (fiyHKyuu c KoneunuMu MHOotcecmeaMu 3HaueHuu, paenoMepno cxodsiiyajicji k /. 

□ nycTb I/I < c. Kan h b ;i,0Ka3aTejibCTBe TeopeMbi JIy3iiHa, flejiHM OTpe30K [— c, c] Ha npoMencyTKii 1% 

^jiiiHbi MeHee A. Hojiojkiim Af = / _1 (/") h / n | A „ = c”, r,n,e c" — cepeflima npoMencyTKa If. Tor^,a |/ — f n \ < T.e. 
fn=S f npn n y 00. H 

3aMeHaHHe. Boo6me roBopa, (JiyHKpiiii f n He hbjihiotch CTyneHnaTbiMii, noTOMy hto npoo6pa3bi npoMemyTKOB 
If MoryT 6biTb njioxHMii. 

2.5.5. CBiI3E> ;i-H3MEPHMHX fl>yHKU,HH C i/-H3MEPHMbIMH 

IIpefljio>KeHHe 2.19. IIycrm> {X,s^,y) — npocmpancmeo c Mepou, f — n ~ U3.M,epu.M,a.H tfiyuKyufi na X. Tozda 
cyu^ecmeyem -u3MepuMaji (fyHKyusi g, mauasi umo f = g noumu ecmdy na X. B uacrrmocmu, ecAKan u3MepuMasi 
no JIe6ezy fyuKyun na [0, 1] noumu ecmdy poena Henomopou 6opeAeecKou tfiywtyuu. 

□ Ha MHOiKecTBe Mepbi Hyjib, r^e (JiyHKpiiH f He 6buia onpeflejieHa hjih 6buia 6ecKOHeHHa, mm onpeflejniM ee 
HyjieM, nosTOMy 6e3 orpamiHeHiiH o6ih,hocth mojkho cniiTaTb, hto / BCK^ny onpe^ejieHa h KOHenHa. nepeippi k arctg /, 
mojkho cniiTaTb, hto / orpaHHHeHHa. B ciijiy npeflbiflymero cJiaKTa cyipecTByeT nocjieflOBaTejibHOCTb £^-ii3MepiiMbix 
(JjyHKpiIII f n C KOHeHHblMII MHOJKeCTBaMH 3HaHeHHH, paBHOMepHO CXOflHipaHCH K /. nyCTb fn = Cl,...,Cfc(„) Ha 
p,H3T.iOHKTHbix MHOJKecTBax A \ , . . . , Afr( n \ £ <2^. Torp,a cyipecTByiOT MHomecTBa Bj C Aj, Tamie hto Bj £ srf h 
y{Bj) = y{Aj) (cm. npe^jioJKeHiie 2.14). Hojiojkiim g n = Cj Ha Bj npn Bcex j = 1 , . . . ,k(n), a bo Bcex ocTajibHbix 
TOHKax nojiojKHM g n = 0. Torp,a HMeeM g n = f n noHTii BCiopy h, KpoMe Toro, <J)yHKiiHH g n ,5/-H3MepnMbi. npn stom 

OO 

g n (x) —> /( x) Ha MHOHcecTBe B = f] (B 1 U . . . U B k ( n ))- HMeeM y(B) = y{X), 1160 y(X\(B 1 U . . . U B k ( n ))) = 0- Torp,a 

n = 1 

(JjyHKipiH / HBjiaeTCH j2/-H3MepHMOH Ha MHomecTBe B Kan noTOHeHHbiii npe^eji ^/-H3MepiiMbix <J>yHKipiit. nojiaraa 
g = fna,BvLg = 0 bhc B, nojiynaeM, hto / = g n.B. h cjjyHKpiiH g £/-ii3MepiiMa. ■ 
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3. 1/lHTerpa/i Jle6era 

3 . 1 . Onpefle/ieHne 1 /lHTerpana Jle 6 era 

3.1.1. IIPOCTBIE OVHKIJHH 

IlycTb ( X , stf , p) — npocTpaHCTBO c kohchhoh HeoTpimaTejibHoii Mepoit. 

HanoMHHM, hto HHfliiKaTopoM MHOJKecTBa A C X Ha3biBaeTCH 4>yHKH,na xa '■ X — > R 1 , Tanaa hto xa( x) = 

{ 1 , ecjni x £ A\ 

0, ecjni x £ A. 

Onpe,a,ejieHHe. ITpocmou tfiynKpueu Ha X Ha3biBaeTca .2/-H3MepHMaH cjayHKpiiH c KOHenHbiM hiicjiom 3Ha'ieHHH. 

n 

OHa riMeeT bh^ f = c iXAi, lyie A, £ &/, ac; £l. 

i= 1 

3aMeaaHne. Be3 orpaHiiHemia o6ih;hocth mojkho cniiTaTb, hto MHoacecTBa Ai ypisbiOHKTHbi. 

n 

Onpe^ejieHHe. Ecjih / — npocTaa 4>yHKu,M BH^a / = ^ to ee unmespajioM Jledesa no npocmpancmey 

i= 1 
n 

X Ha3biBaeTCH BejniHima J f dp = Y Cip(Ai) (iraoiyja m-irnyT npocTO f f dp). 

x i= i 

3aMeaaHne. 3 to onpeflejiemie KoppexTHO b cmiy ayypiTHBHOCTH Mepbi p, T.e. He 3aBiicnT ot npe,n,CTaBjieHiiH / 

m 

yxasaHHbiM cnocoSoM. /JeftcTBiiTejibHO, nycTb / = y/ djXBj- Toryja 

j-i 

m rrt n m n n m n 

/ / dp = y ' djp(Bj) = y ' djp ( | | ( Bj n Ai)) = y ' dj y ' p(Bj n Ai) = y } y } cip(Ai n by = y ] cip(Ai), 


i=i *= i 


1= 1 i—1 


i=l j = 1 


nocxojmxy Ci = dj Ha MHoacecTBe Ai n Bj . 

3.1.2. CBOHCTB A HHTEPPAJIA HA nPOCTBIX 4>YHKI],HaX 

IIpefljiOKeHHe 3.1. IIycrm> f,g — npocmue cfiynKpuu. Tozda: 

1 ) ecjiu / ^ 0 ; mo J f dp ^ 0; 

2) (jiuneuHocm'b) f ( af + /3g) dp = a f f dp + /3 f g dp npu ah>6ux a,(3 £ R; 

3) \Jfdp\ < / |/| dp < sup / • p(X). 

□ 1) 5Icho h 3 onpeflejieHHH. 

2) Efe onpeflejieHHH hcho, hto nocTOHHHbiii MHOJxiiTejib mojkho BbmecTii 3a 3Hax HHTerpajia. IIoaTOMy ocTajiocb 
^OKa3aTb, hto f ( f+g ) dp = f f dp+ f g dp. Bo-nepBbix, noxajKeM, hto (JjyHKpiiH f +g Toace npocTaa. /JeiiCTBHTejibHO, 
nycTb 4>yHKii,HH / npiiHiiMaeT 3HaHeHiiH ai, . . . , a n Ha ^H3biOHKTHbix MHOxcecTBax A\, . . . , A n , (J)yHKH,iiH g npiiHHMaeT 
3HaHeHiiH b\, ... ,b m Ha flHSTjiOHKTHbix MHoacecTBax B i, . . . B m . Toryi,a cjayHKpriH f + g npiiHHMaeT 3HaHeHiie ai + bj 
Ha MHoacecTBe Ai n Bj. IIo onpeflejieHino, f(f + g) dp = + bj)p(Ai n Bj), a npn (J)iiKCHpoBaHHOM i i-meeM 


Y aip(AiC\Bj) = aip(Ai) b CHjiy ycjiOBHH X = B\U. . .U B m . AHajioniHHO, npn (J)iiKCHpoBaHHOM j HMeeM Y bjp(AiC\ 
3 = 1 i—1 

n m m n n 

n Bj) = bjp(Bj). OTCKi^a J2i a i + bj)p{Ai n Bj) = Y aip{Ai n Bj) + J2 b jP( A i n Bj) = J2 dip(Ai) + 

i,j i — 1 j— 1 j = 1 i—1 i=l 

m 

+ E bjd( B j) = J f d d + J gdp. 

i=i 

n n 

3) OneBH^HO, hto <J>yHKu;HH |/| npocTan. HMeeM |/ f dp, | = | ^ a,ip(Ai)\ ^ ^ \a,i\p(Ai) = J\f\dp. ,Hajiee, 

i=l i= 1 

n n 

f I/I dp = E \ai\p(Ai) < max |a,;| ^ d{ A i) = max/ • p(X). ■ 

i= 1 1 i= 1 

Onpe,a,ejieHHe. IIocjieflOBaTejibHOCTb {/„} Ha3biBaeTca cfyndaMenmaAtHou e cpedneM, ecjn-i ^jia Bcaxoro £ > 0 
cym,ecTByeT X £ N, Taxoe hto J \fi — fj \ dp < e yyia Bcex i,j ^ N. 

3aMeaaHHe. Ecjii-i nocjieflOBaTejibHOCTb {fj} 4>yHyi,aMeHTajibHa b cpe^HeM, to nocjieflOBaTejibHOCTb {f fj dp} 
cxoflHTca, nocKOjibKy ^jia Hee BbinoaHeH KpiiTepHii Komn. 

JleMMa 3.2. Ilycm t> nocjiedoeame.m>nocmb {/„} npocmux tf>yHKv,uu (fyndaMeHmajima e cpedneM. Tozda djisi ecsi- 
kozo e > 0 cyipecmeyem 6 > 0, manoe umo f \f n \ dp < £ djin ak>6ozo Mnocncecmea A £ srf c p(A) < 6 u jim6ozo n. 

A 

3decb f f dp := J f • Xa dp, A £ srf (ecjiu f npocmasi, mo u f ■ xa mootce npocmasi) . 

A X 
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□ IlycTb 3 a^aH 0 npoii 3 BOAbHoe e > 0. BepeM N £ N, Taxoe hto j | f n ~ fk I dy < f AJia Aio 6 bix n,k ^ N. 

x 

Bo 3 bMeM C = max{|/i|, . . . , |/at|} + 1. IlycTb mhojxcctbo A TaxoBO, hto h(A) < 6, rye 5 = h n ^ -ZV. HMeeM 

/ l/nl < / l/n - fx | + / l/jvl dy ^ / |/ n - /jv| dy + max |/jv| • / xa < f + ^ • C = e, hto h TpeSoBajiocB. ■ 

A A A X X 

CjieflCTBHe 3.1. B yaaoeuax npedudyiyeu jieMMU UMeeM J \f n \dy = J f n dy — f f n dy < e, ede A + — 

A AnA+ AnA- 

= {x ■■ f n (x) > 0}, A~ ={x: f n (x) < 0}. 

3.1.3. OBLU,EE OnPE^EJlEHHE HHTErPAJIA JlEBErA 

IlycTb (X, <e/, y) — npocTpaHCTBO c xoHeHHofi HeoTpupaTeAbHOH Mepoii. IlycTb f — y- HSMepaM aa (fjyHxpiia, T.e. 06 - 
AacTB onpe^eAemia D(f) cjsyHxipni / coflepjxiiT mhcokcctbo Xq, Taxoe hto y(X\Xo) = 0, n (fjyHxpiia f\ Xo H3MepnMa 

OTHOCHTOAbHO fl Xq (BHe Xq (JjyHXHyiH / MOJK 6 T [ipHHHMaTb XaXIIC yrOflHO 3Ha'ieHHM) . 

Onpe^ejieHHe. OyHxpiia / Ha3biBaeTca uHmezpupyeMOu no JIe6ezy no Mepe y ( y-uumeapupyeMou ), ecAH cym;e- 
CTByeT nocaeflOBaTeABHOCTb {f n } npocTbix <JjyHxii,HH, xoTopaa (JjyHflaMCHTaAbHa b cpe^HeM h noHTii BCio^y cxoflHTca 
k f. HumeepaAOM (JIe6eea) <|>yHKnnn f Ha3biBaeTca BeAHHima f f dy = lim f f n dy. 

X n—Hx>jr 

MHO»cecTBO /.i-HHTerpnpyeMBix 4>yHxu,iiH 6ya,eM o6o3HanaTb nepe3 Jf l (y ) imii nepe3 Af 1 (X), KOiyja hcho, o xaxoii 
Mepe h^6t penb. 

rtoKaaceM, hto onpefleAemie iiHTerpajia xoppexTHO, T.e. flpyroro npe^eAa HeT h 6 biTb He MOJxeT (J f dy onpeflejieH 

x 

o^H03HaHHo) . B caMOM ^eae, nycTB {g n } — flpyraa (f)yHflaMeHTaAbHaa b cpe/pieM nocAeflOBaTeAbHOCTb npocTbix 

— >• 0 npn n — > oo. lIycTi> e > 0 


<|>yHXH,HH, noHTH Bcxyjy cxoflaipaaca x /. ^oxaateM, hto 
npoii3BOABHoe hhcao. Tor^a no jieMMe 3.2 cym,ecTByeT 5 > 0, Taxoe hto 


J fndy - J g n dy 
x x 


J fndy 

A 


< 


4’ 


/ 9n dy 
A 


< j yjisi jno6oro 


MHOJxecTBa A c y(A ) < <5. IIo TeopeMe EropoBa cym,ecTByeT MHOJxecTBO A c Mepoii MeHbme 6, Taxoe hto f n \ x \A — ^ 
=4 f\x\A H 9n\ x \A f\x\A- Torfla cym;ecTByeT N £ N, Taxoe hto npn ak>6om n ^ N cnpaBefljn-iBO HepaBeHCTBO 


sup \f n - g n \ < 77-7TCTT . O'rcxyta npn n ^ N HMeeM 
cex\A ’ ’ 


/ (fn ~ 9n) dfl 

■f 

> 

1 

SXa 

+ 

/ (fn ~ gn) dy 

X 


IA 


X\A 


€ 




f fn dy 
A 


J 9n dy 

A 


+ / |/n - 9n\dy < f + I + 4PAYbm < e - TaxHM o6pa30M, lim / /„ dy = lim / g n dy h 

n—t oo n—tooj^ 

TeM caMbiM HHTerpaA Jle6era (JjyHxpHH / onpefleacH xoppexTHO. 

3aMeaaHHe. IlycTb A £ srf h (JjyHxpiiH / /x-H3MepiiMa. Ecai-i (JjyHxpiiH f ~xa /J-HHTerpHpyeMa, to 6y^eM roBopiiTb, 
hto t^yHxpiiH / //-HHTerpiipyeMa Ha MHOJxecTBe A, h micaTb / £ Af 1 (A, y). IIoaojxhm J f dy = J f • Xa dy. 

A X 

IIpHMep 3.1. Bcaxaa orpaHHHeHHaa ^/-H3MepHMa h 4>yHxn,iiH f HBAaeTca /u-iiHTerpiipyeMoii. ^eiicTBHTeAbHO, 
6mao floxa3aHO (cAeflCTBiie 2.3), hto / ecTb paBHOMepHbiii npe^eA nocAe^OBaTeAbHOCTH npocTbix (JjyHxpiiH, a Taxaa 
nocAeflOBaTeAbHOCTb (JjyHflaMeHTaAbHa b cpe^HeM. B nacTHOCTH, AK>6aa orpaHHHeHHaa 6opeAeBCxaa (JjyHxpiiH (haii 
xoth 6bi orpaHHHeHHaa h H3MepiiMaa no JIe6ery cjjyHxpiiH) Ha OTpe3xe iiHTerpupyeMa OTHOCiiTeABHO Mepbi JIe6era. 
npocTeiimne CBOHCTBa o6m;ero HHTerpaAa JIe6era flaeT CAe^yromaa 
TeopeMa 3.3. 

(1) Ec.au f £ Af >1 (y) u f ^ 0 , mo J f dy ^ 0 . 

(2) Ec.au f,g£ A? 1 (y), mo npu jik>6ux a, j3 £ K UMeeM af + fig £ (y) , npuueM J ( af + (3g) dy = a J f dy + 

+ (3 f gdy. 

(3) Ec.au f £ y ), mo \ f\ £ J§f 1 ( y ) u \ J f dy\ < / |/| dy. 


(4) Ecau f — ozpanuuenHasi £/-u3MepuMa,Ji (fyuKyun, mo f £ Jz? 1 ^) u 


< svp\f\-y{X). 


f fdy 

x 

□ (1) IIo onpefleAeHino HHTerpiipyeMOCTii cym;ecTByeT nocAeflOBaTeABHOCTb {/„} npocTbix cjDyHxiiHH, cxo^a- 

m,aaca x / noHTii BCiofly Ha X h 4>yH^aMeHTaAbHaa b epe^HCM. Tor^a Bee c^yHxnym |/„| npocTbie h |/ n | n B > 
A | /| = /. IIpH 3tom nocAe^OBaTeAbHOCTb {|/n|} (JjyHflaMeHTaABHa b cpe^HeM. /leiiCTBiiTeAbHO, cnpaBeflAHBO 


HepaBeHCTBO ||/„| - |/fc|| < |/„ - fk\, OTxyfla J\\f n \ ~ \fk\\dy ^ 0. Oicrofla f\f n \dy-> Jfdy^ 0, h6o J\f n \dy^0. 

(3) B 3tom CAynae floxa3aT6AbCTBO aHaAoniHHO CAynaio (1). Ecah nocAe^OBaTeAbHOCTb {/„} HHTerpupyeMbix 
npocTbix 4>yHXH,HH cxofliiTca noHTii Bcro^y x /, npuneM {f n } <J)yHflaMeHTaAbHa b cpe^HeM, to |/ n | n ’ B > |/|, h Tor^a 
cj3yHXH,HH |/„| npocTbie h nocAeflOBaTeABHOCTb {|/n|} 4>yH/],aMeHTaAbHa b cpe^HeM. 3HaHHT, <J>yHxpHa |/| HHTerpupy- 
eMa h f\f\dy= lim f\f n \dy^ lim f f n dy= f f dy. AHaAoniHHO noAynaeM f\f\dy^ [fdy. 

n—t oo n — >00 

(2) OneBHflHO, hto xoHCTaHTy mojxho bbihochtb H3-nofl 3Haxa HHTerpaAa. OcTaaocb ^oxa3aTb Tpe6yeMoe npu 
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a = f3 = 1. ffajiee, nycTb /„ -^4 / n g n -^4 g, rge o6e nocjie^OBaTejibHOCTH {/„} n {g n } coctoht h 3 npocTbix 
cjjyHKpnii n cjayH^aMeHTajibHbi b cpe^HeM. Bee cjDyHXHHH /„ + g n hbajhotc5i npocTbiMii, npiraeM f n + g n n 4 / + g. 
IIocaeflOBaTejibHOCTB {/„ + g n } (JiyH^aMeHTaabHa b cpe^HeM, Tax KaK / \f n + gn — fk — 5fc| dg ^ / |/„ — /fc| dg + 
+ / Iffn - fffel dg. OTcro^a, Tax xax / (/„ + g„) d/i = / f n dg + f g n dg, HMeeM / f dg + f g dg = /(/ + g) dg. 

(4) HHTerpiipyeMOCTb cjjyHxrpni / yace noacHaaacb, a nocxoabxy |/| — sup |/| ^ 0, HMeeM f (|/| — sup |/|) dg ^ 0, 
OTKyn,a / |/| dg ^ f sup |/| dg = sup |/| • g(X). ■ 

CjieflCTBHe 3.2 (npn3HaK cpaBHeHra). Ilycrm> f,g— g-u3MepuMue (fyuKigm, npuueM \f — g\ Sj C n.e. ko 
X . Tozda cfyuKguu fug g-unmezpupyeMU jiu6o g-HeunmezpupyeMU odnoepeMeHno. 

□ cpyrnapia f — g aBjiaeTca /i-H3MepiiMOH, nosTOMy no npeflaoaceHiHO 2.19 cymecTByeT j2/-H3MepiiMaa </>yHXH,iin 
h, Taxaa hto / — g = h n.B. Ha X, npiiueM h Taxace mojkho caiiTaTb orpaHiiueHHon (nepeonpefleaiiB h HyjieM Ha 
MHoacecTBe {x : |/i(x)| ^ C} £ si). Ilo n. (4) npe^,bmyiH,en TeopeMbi cjjyHxrpin h aBaaeTca g - h HTe i ’p irpye mo h . Tor^a 
cymecTByeT 4>yH^aMeHTaabHaa b cpe^HeM nocae^OBaTeabHOCTb {h n } npocTbix cjjyHxrpni, cxoflam;aaca n.B. k h. Ho 
Tor^,a h n n s 4 f — g, 1160 h = f — g n.B., noaTOMy cjDyHxrpiH / — g aBaaeTca g- h HT e i ’p npye mo m . Tenepb ,a,oxa3biBaeMoe 
yTBepacfleHne cae^yeT H3 n. (2) npeflbmymeH TeopeMbi, Tax xax f = g + (f — g), g = f — (/ — g). ■ 

nycTb A — ^(-H3MepiiMoe MHoacecTBO n f — /.i-HHTerpnpyeMaa </>yHXH,HH. Tor^a cjjyHxnnH \A • / Toace /.i-HHTerpn- 
pyeMa. noxaaceM sto. Bo-nepBbix, no npeflaoaceHino 2.14 cymecTByeT MHoacecTBO Aq £ si, Taxoe hto Xa{x) = Xa 0 {x) 
n.B. Bo-BTopbix, ecaii {/„} — 4>yHflaMeHTaabHaa b cpe^HeM nocae^OBaTeabHOCTb npocTbix cjDyHxnnH, nonTii BCiofly 
cxo/pnnancs k /, to cjjyHKpna xa • f ecTb n.B. npe^ea npocTbix (JiyHKpnn xa 0 • fn- npn stom nocae^OBaTeabHOCTb 
{xa 0 ■ /} 4>yHflaMeHTaabHa b cpe^HeM, Tax xax |xa 0 ■ fn - Xa 0 ■ fk\ < \f n ~ fk\- SHaunT, no onpefleaemno cJiyHxpua 
Xa ■ f /i-HHTerpnpyeMa. Tor^a noaoaaiM f f dg := f Xa • f dg. 

A x 

H 3 onpefleaemia hcho, uto ecaii A n B = 0 , to f f dg + J f dg = f f dg. 

A B AUB 

IIpHMep 3.2. nycTb MHoatecTBa A n o6pa3yiOT noxpbiTiie MHoacecTBa X n flii3biOHXTHbi. nycTb f(x) = Ck npn 
x £ Ak . Torfla cjiyHxpiia / aBaaeTca ^/-H3MepiiMon. npn stom / /z-iiHTerpiipyeMa Tor^a n Toabxo Tor^a, xoiyja 

oo oo 

E \c n \g(A n ) < oo. B 3 tom cayaae f f dg = E c ng(A n ). 

n = 1 n = 1 

□ Ecan / £ Jtf 1 (g), to nycTb 

{ n 

f{x) npn x € |J A k , 
fc= i 

0 iiHane. 


n oo 

Tor^a |/„| < |/| n nosTOMy J\f n \dg < J\f\dg npn aioSoM n, ho f \f n \ = E |cfc|/i(A fc ), 3HauiiT, E \ck\g{A k ) < 

k= 1 k = 1 

^ J\f\dg- 

oo 

06paTHO, ecjiH ^ \ck\n(Ak) < oo, to nocjie^OBaTejibHOCTb {fn} 4>yH,zjaMeHTajibHa b cpe,a;HeM, npnneM OHa exo- 
k = l 

n 

^HTca k / noHTH Bcio^y. Bee <J)yHKijHH f n aBjiaiOTca npocTBiMH n nHTerpnpyeMBi, npn otom / fn — ^2 Ckl^(Ak). 

k = 1 
oo 

OTCio^a cjie^yeT, hto / £ n J f d/i = Y} c k ^{A k ). ■ 

k = 1 

+oo 

3aMeaaHne. JIe6er Tax onpefleaaa HHTerpaa J f dg: nycTb npn HexoTopoM e > 0 cxo^,iiTca pafl S(e) = E ( £ h x 

k— — oo 

x g({x : ek ^ / < e{k + 1)})), to ecTb cxo^yiTca no OTfleabHOCTn pa^bi npn k > 0 n k < 0. Tor^a Taxon pafl cxo^htch 

npn ®o6om £ > 0 h cymecTByeT npe^ea S(f) = lim S(e). 3tot npe^ea n Ha3biBaeTca HHTerpaaoM JIe6era. 

£->0 

noxaaceM, hto sto to ace caMoe, T.e. onpe^eaemie JIe6era paBHOcnabHO HaineMy onpe^eaemno HHTerpaaa. Pac- 
CMOTpi-iM (J)yHxn,Hio / £ , paBHyio ek npn Tex 3HaneHHax x, gnsi xoTopbix ek ^ fix) < e{k + 1). B cnay npiiMepa 3.2 
HMeeM f £ £ «Sf 1 (/K) 44 pa^i, S{e) cxo^iitch. Tax xax |/ e — f\ ^ e, to no npii3Haxy cpaBHeHiia H3 HHTerpnpyeMOCTH (JiyHx- 
pnn / cae^yeT HHTerpiipyeMOCTb (J)yHxn,nn f e n o6paTHO. npn stom b caynae HHTerpnpyeMOCTH |J f e dg — f f dg\ ^ 
^ / l/e ~ / I dg ^ £ • g{X), OTxya,a f f dg = lim j f e dg= lim S(e) = S{f), hto h ^,oxa3biBaeT sxBiiBaaeHTHOCTb flByx 
onpefleaemin HHTerpaaa. 


3.2. CBoPicTBa HHTerpa/ia Jle6era 

3.2.1. ABCOJIIOTHAH HEIIPEPBIBHOCTId HHTErPAJIA JIebeta h hepabehctbo Hebbilueba 

TeopeMa 3.4 (aGcojiioniaa h c i i p c ]> b i b h o ct b HHTerpaaa JIe6era). Ilycrrib f — g-uHmezpupyeMasi (fynnyuti. 
Tozda dju i bchkozo e > 0 cyigecmeyem 6 > 0, manoe nmo djw jik>6ozo Mnootcecmea A £ c ycjioeueM g{A) < S 
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eunojineno nepaeeHcmeo J |/| dp < e. 

A 

□ IlycTb 3a,n,aH0 npoii3BOjibHoe e > 0. IIo onpe^ejieHrno iiHTerpnpyeMOCTii cyipecTByiOT HeoTpnpaTejiBHBie npo- 
CTbie (JiVHKHHH /„, TaKiie hto f n '> |/|, nprineM nocjieflOBaTejibHOCTb {/„} <J)yH^,aMeHTajiBHa b cpe/pieM. IIo ^ona- 
3aHHOMy paHee (jieMMa 3.2), cyipecTByeT S > 0, TaKoe hto J f n dp < | npii ycjiOBiiax Ag £ &/ ii p{Ao) < <5 cpa3y ,h,jih 

a 0 

Bcex n. IlycTB Tenept A £ — npoiOBOjibHoe MHomecTBO c n(A) < e. H 3 npefljiojKeHiia 2.14 cuie^yeT, hto cyipecTBy- 

eT MHoacecTBO A 0 £ srf , Taxoe hto Aq C A n p(Aq) = p{A). Tor^a hcho, hto ,h,jih J 1106011 <J>yHKii;nn h £ AA 1 (p) iiMeeM 

J hdp = f help. IIocKOjibKy J \ f\ dp = lim f f n dp, nojiynaeM J \ f\ dp ^ | < e, hto h Tpe6oBajiocb ,n,OKa3aTb. ■ 

A 0 A A n^oo A A 

TeopeMa 3.5 (HepaeeHCTBO He6i>imeBa). Ilycmb tfiynKyusi f p-unmezpupyeMa. Tozda djw jvw6ozo R > 0 

I I/I d u 

UMeeM /u({x : |/(x)| ^ i?}) ^ ^ — . 

□ IlycTB G = {x : |/(x)| ^ R}, L = {x : |/(x)| < R}. Tor^a / |/| dp = J \f\ dp + f |/| dp Js S\f\ d P> J dp = 

X G L G R 

= R ■ p{G), hto h Tpe6oBajiocb ,ii,OKa3aTb. ■ 

3.2.2. KPHTEPHii HHTErPHPYEMOCTH 

TeopeMa 3.6 (KpHTepnft HHTerpnpyeMOCTn) . Ilycmb f — p~U3M.epuM.afi cf> ymcpufi. Tozda f £ Jz? 1 ^) 

+OO 

•O- X ; \f( x )\ ^ n l) — cxodfnpuUcH pad. 

n —1 

□ PaccMOTpiiM (JiyHKpiiio g(x), paBHyio n Ha MHomecTBe {x : n ^ |/(x)| < n + 1} npii jiio6om n ^ 0. 9ia 
cjiyHKpiiH HMeeT cneTHoe MHomecTBO 3Ha T reHiiu. KpoMe Toro, iiMeeM g Sj |/(x)| < g + 1. IIoaTOMy cjiyHKpHH g h 
|/( x)| OflHOBpeMCHHO HHTerpiipyeMbi hjih HeiiHTerpiipyeMBi no npn3HaKy cpaBHemia (cjieflCTBiie 3.2). Ho f g dp = 

OO OO 

= X n-p{{x : n ^ |/(x)| S/ n+1}). 3HaHiiT, / £ Jz? 1 ^) Y n-p({x : n S/ |/(x)| Sj n + 1}) — cxoflHminiCH pa^. Ho 

n= 0 n— 1 

00 +00 00 

p{{x : |/(x)| ^ n}) = Y M({a: : k < |/(x)| < k + 1}), noaTOMy XI : |/(ar)| > n}) = Y n ' : n < 1/0*01 < 

k=n n —1 n —1 

< n + 1}), OTKyn,a Bee h cae^yeT. ■ 

Cjie/i,CTBHe 3.3. Tlycmb f,g — p~U3MepuMue tfiyHKpuu, g £ A^ 1 (p) u |/| ^ g n.e. Tozda f £ «Sf 1 (^). 

+ OO 

□ no KpiiTepino iiHTerpiipyeMOCTii pa^ X t{{ x '• 9i x ) ^ **}) cxo/i,HTca. OcTajiocB 3aMeTiiTb, hto { x : |/(x)| ^ 

n = 1 

^ n} C {x : g{x) ^ n} npii jiio6om n £ N, 11 BOcnojiB30BaTbca Kpni’epneM iiHTerpiipyeMOCTH ^jia /. ■ 

IIpHMep 3.1. OyHKpiia f(x) = lnx Ha OTpe3Ke [0, 1] HHTerpiipyeMa no JIe6ery. /l,eiiCTBHTejiBHO, {x : | lnx| ^ n} = 

OO 

= (0,e _n ], a pa^i, X e ~ n cxo/i,HTca. 

n —1 


3.2.3. ITPE/JEJIbHIjIH nEPEXO/], B HHTErPAJlE 

TeopeMa 3.7 (JIe6er). nyemt nocjiedoeame.abHocmt> {f n } p-u3MepuMux g hyHKyuu noumu eewdy exodumefi k 
< f> yHKUfliu /. Ilycmb mat cotce cyvpecmeyem p-unmezpupyeMasi cfiyHKpufi <!>, mama umo \f n \ ^ $ n.e. npu jiw6om n. 
Tozda f £ AA 1 (p) u J f dp = lim J f n dp. KpoMe mozo, J \f — f n \ dp -A- 0. 

n — >00 

□ H 3 ycjiOBiia iiMeeM |/| ^ n.B., noaTOMy cjiyHKpiiH / aBaaeTca p- n H're 1 ’p npye mo ii no cjieflCTBino 3.3. no- 

CKOjibKy \Jfdp — Jf n dp\^ J |/ — f n \ dp, ocTajiocB ^OKa 3 aTb, hto J \ f — f n \ dp -A- 0 npu n -A 00 . 3 aMeTiiM, hto 
|/ — f n \ ^ 2 $ n.B. nycTb s > 0 — npoii 3 BOjibHoe hiicjio. B cnjiy aScojnoTHOii HenpepbiBHOCTii HHTerpajia JTe 6 era 
cyipecTByeT S > 0 , Tanoe hto f 4 > dp < | ^jia jno 6 oro MHoacecTBa A £ c p(A) < 6 . no TeopeMe EropoBa cyipe- 

A 

CTByeT MHOJKecTBO Xg, Taxoe hto p(X\Xs) < S h \f — f n \ ^ 0 Ha Xs- noaTOMy cyipecTByeT N £ N, Tanoe hto ^,jih 
jho6oto n ^ N BbinojiHeHO HepaBeHCTBO \f — f n \ ^ 2 (^(X)+i) Ha MH0JK ecTBe Xg. Tor^a / \f — f n \ dp = J \ f — f n \dp + 

X Xs 

+ I I f - fn\ dp ^ 2(u(x)Ai) d( x ) + I 2$ dp < § + | = e, OTKyn,a caeAyeT Tpe6yeMoe. ■ 

X\x s x\x s 

IIpHMep 3.2. nycTb f n = n Ha [0, -] n /„ = 0 Bne [0, — ]. Tor^a /„ — > 0 n.B., ho J f n dp = 1 ^ 0, nocnojibny y 

[0.1] 

cjlyHKpHH f n HeT o6lH,eH MaiKOpaHTbl. 

3 T y TeopeMy Ha3biBaiOT Taxine TeopeMon o MaotcopupyeMou cxoduMocmu. 

TeopeMa 3.8 (Benno JleBH, o mohotohhoh cxo^hmocth). Ilycmb (fynnyun f n p-unmezpupyeMU, npiiHCM. 
nocAedoeamejibnocmb {f n (x)} Monomonna d/w noumu ecex x £ X. Ilycmb sup / f n dp < 00 . Tozda cfynKyufi f := 

n x 

= lim f n noumu eewdy Koneuna, p-unmezpupyeMa u f f dp = lim f f n dp. 

n— >00 n— >00 
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□ Be3 orpaHiiuemiH o6ih,hoctii mojkho cuiiTaTb, uto nocjie,n,OBaTejibHOCTb {/n(x)} MOHOTOHHa npii Bcex x £ X . 
IIocjieflOBaTejibHOCTb {f f n dp} B03pacTaeT h orpaHiiueHHa, nosTOMy OHa (J)yHflaMeHTajibHa. 3HauiiT, nocjie^OBaTejib- 
hoctb {f n } 4)yHflaMeHTajibHa b cpe^HeM, Tax KaK npii n ^ k HMeeM f n ^ fk, OTxyn,a f \f n — fk \ dp = jf n dp — 
— f fk d/x —¥ 0 npi-i n, k — » oo. H 3 HepaBeHCTBa He6bmieBa cjie^yeT, uto nocneflOBaTejibHOCTb {f n } cjjyHflaMeHTajibHa 
no Mepe: p({x : \ f n {x) — fk{x)\ > c}) Sf ^ / |/„ — fk \ dfi —> 0 npii n, k — > 00 npn jiio6om c > 0. Ilo TeopeMe Piicca 

A' 

(TeopeMa 2.16, I) nocjieflOBaTejibHOCTb {/„} coflepjKHT noflnocjie^OBaTejibHOCTb, exogamy ioch n.B. k xoHeuHoii H3Me- 
piiMofi <J)yHKnnH. Ho Toiyja k stoii cjiyHxipni cxofliiTca n.B. bch nocneflOBaTejiBHOCTb {f n } b cany ee mohotohhocth 
n.B. 

noxaixeM, uto / £ J^ >1 (p). B caMOM flene, npiiMemiM xparepirii HHTerpnpyeMOCTn (TeopeMa 3 . 6 ). nepefi^a k 
cjiyHxnyiaM BE^a f n — f\, mokho cuiiTaTb, uto /„ ^ 0 npn jiio 6 om n £ N. nycTb f f n dp ^ C fljia jno 6 oro neN. npii 

JV N 

jiio6om (JjiiKCiipoBaHHOM N HMeeM Y} p(.[x : f(x) > n}) = lim Y2 : fk(x) ^ n}), Tax xax (x : fkfx) ^ n} C {x : 

n= 1 fc_>00 n= 1 

OO 

fk+ i(x) > n} npn jik>6om h [j {x : f k (x) ^ n} = {x : f(x) > n}, T.e. n({x : f(x) > n}) = lim fi({x : f k (x) > n}). 


k = 1 


N 


^ajiee, 5Z M x : fk( x ) ^ ™}) < ^ fi({x : f k (x) ^ n}) = n ' K : n < /fc(®) < n + 1}) < J fkd/i^C. riosTOMy 

n=l n— 1 n— 1 

AT oo 

]T] /i({x : /(x) > n}) C npn jiio6om N, noaTOMy cxo,h,htch pa,n, Y2 A<({x : f(x) > n}), noaTOMy cxo,h,htch n pa,n, 

n= 1 n=l 

oo 

^ m({* t : ./(s 1 ) ^ n })> a noTOMy / £ ^f 1 (/i). Tenepb / f n dfi J f d/x no TeopeMe Jle6era. ■ 

n= 1 

TeopeMa 3.9 (<I>aTy). IJycmb {f n } ~ nocjiedoeamejimocmb y-unmeepupyeMux cfynKyuu u f n ^ 0. IlpednoJio- 
okum, umo f n n —’> f u sup / /„ dp < oo. Tozda f £ ^ >1 {p) u f f dp ^ sup / /„ dp. 

n n 

□ BBe^eM (JjyHKpiui g n {x) = inf fk(x). Tor^a Bee ohii ^(-H3MepiiMbi no TeopeMe 2.4, n6o {x : g n [x) < c} = 

k^n 

= |J { x : fk(x) < c} £ npn jiioSom c £ R. npn stom 0 ^ g n ^ fn vt gn ^ <?n+i- no TeopeMe B. JleBii nonTii BCio^y 

k^n 

cym,ecTByeT 4>yHKn,na g = lim g n n OHa aBjiaeTca p- u H're i ’p upye mo h , iipnueM J g dp ^ sup J f n dp, n6o J g n dp ^ 
^ J f n dp. OcTajiocb 3aMeTHTb, uto g{x) = f{x) nonTii BCiofly. ■ 

3.2.4. CB5I3b MHTErPAJlOB JIebeta h Phmaha 

Ecjiii cjjyHKpna / nHTerpiipyeMa no PiiMaHy Ha 0Tpe3xe [a, b ], to 6yn,eM nncaTb f £ R[a , b\. 

b 

TeopeMa 3.10. Ilycmb f £ R[a,b }, mozda f £ J Sf 1 ([a, 6]) u J f dx = J f dp. 


□ BBefleM o6o3HaueHHH (R) J f dx n (L) f f dp fljia HHTerpajiOB PiiMaHa n JIe6era cooTBeTCTBCHHO ot <J>yHKipiH 

a [ a ib] 

f no OTpe3xy [a, b] . 

Be3 orpaHimeHHH o6m,HOCTii 6yn,eM cmiTaTb, uto [a, 6] = [0,1]. npn jho6om n £ N pa3flejniM 0Tpe30K [0,1] tou- 
xaMii Biifla ^ Ha 2 n OTpe3KOB J n p , . . . , J n ,i n - PaccMOTpiiM <J)yHKpnH (ohii 6ya,yT CTyneHuaTbiMii) /„ h g n , Taxne uto 
f n {x) := inf f(y) npn x £ J n ,k, gn{x) := sup f{y) npn x £ J n ,k- Taxoe onpeflejiemie KoppexTHO, nocxojibxy 

y^Jn.k ’ yeJ n , k 

jno6aa u htc i ’p upye Maa no PiiMaHy (JiyHitpiia orpamiueHHa. nocaeflOBaTejibHOCTb <| j f n dx^j B03pacTaeT n CTpeMiiTca 

x ^ f /dxj’ npn n — > oo, aHajioniuHO nocjieflOBaTejibHOCTb y6biBaeT n CTpeMiiTca x ^ f /dx|-. npn stom 

.fn ^ f ^ gn H fn ^ fn+ll 9n ^ <?n+l (npi-l H3MejIbUeHHH pa36HeHIIH OTpe3Xa HHHCHHH CyMMa f5,&p6y He yMeHb- 
maeTca, a BepxHaa cyMMa ff&p6y He yBejuiuiiBaeTca) . Hojiojxiim f* := lim f n , g* := lim g n . OyHxpini f* n g* 

n— >oo n— >oo 

H3MepiiMbi n orpaHiiueHHbi xax noTOueuHbie npe^ejibi CTyneHuaTbix (JjyHxpnn. no TeopeMe B. JleBii <J>yHxn;HH f* n 

l 

g* hbjihiotch p- uH'rerp upyeM si m h , npnueM ( L ) f f* dp = lim (L) f f n dp = lim ( R ) f f n dp h (L) f g* dp — 

[0,1] n ^°° [a, 6] n ^°° 0 [0,1] 

1 1 

= lim (L) f g n dp = lim (R) f g n dp. OTCio^,a (L) f f* dp = (L) f g* dp = ( R ) f / dx, noaTOMy /* = g* n.B., 
ra-! '°° [0,1] n_! '°° 0 [0,1] [0,1] 0 
Tax xax g* — f* ^ 0 h f (g* — /*) dp = 0, a no HepaBeHCTBy He6bimeBa p({x : g*{x) — f*(x) > ^}) ^ k J (. g* — f*)dp . 


[ 0 , 1 ] 


[ 0 , 1 ] 


OTCiofla / = f* = g* n.B. ■ 

3a/i,aua 3.1. JfoKa3arm>, umo f £ R[a,b } mozda u mo./it>Ko mozda, Kozda f — ozpanuv,enHaji (fynityufi u Mnootce- 
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cmeo ee mouen pa3puea UMeem AeSezoey Mepy nyAb. 

3aMenaHHe. CymecTByiOT HecoScTBeHHO HHTerpiipyeMbie no PiiMaHy (JjyHKpini, KOTopme He iiHTerpiipyeMbi no 
JIe6ery. IIpiiMep: f(x) = y sin ^ Ha [0,1]. 

TeopeMa 3.11. IIycrm> $yHKv,uA f 3adana na immepeajie ( a,b ) u f £ R[a + e, b — e] npu aw6om e > 0. Tozda 

|/| € R(a,b) <=$■ f £ Jz^Qa, b]) ( R{a,b ) — Kjiacc cjiyHKipiH, iiHTerpiipyeMbix Ha (a, b) no PiiMaHy b Heco6cTBeHHOM 
b 

CMbicjie). TIpu 9moM f |/| dx = f |/| dp, zde unmezpaji cjieea — Heco6cmeenHuu unmezpaA PuMana. 

a [a, 6] 


b— 

□ Ecjiii |/| £ R(a,b), to cymecTByeT npe^eji lim f |/|dx. IIo npeflbmymeii TeopeMe cjjyHKipni f n (x) := 

n— >oo i 

a +/ 

b— X 

= fi x ) ' X[a+i,6-i] iiHTerpiipyeMbi no JIe6ery h ( R ) f f n dx = (L) / f n dp npn jho6om n £ N. /Jajiee, 

“+/ l a +n’ b ~ nl 

f n —>f flJia JiioSoro x £ (a, b). IIocKOJibKy sup / |/n| dp < oo, no TeopeMe <J>aTy nojiynaeM / £ «5f 1 ([o, 6]). Tenepb no 



06paTHO, nycTb / £ «Sf 1 ([a, b}). Tor^a fljia Tex ace <J>yHKiiHH f n nojiynaeM f \f n \dp ^ f \f\dp, nosTOMy 

[a,b\ [a,£>] 

cjDyHKpiiH |/| neco6cTBeHHO iiHTerpiipyeMa no PiiMaHy. ■ 

Banana 3.2. Ilpueecmu npuMep KOMnaKma K C [0, 1], maKozo umo (fiyHKyusi \k we Mootcem 6umt> poena noumu 
ecwdy unmezpupyeMou no PuMany tfiyHKyuu. 


3.3. ripocTpaHCTBa 


3.3.1 . ITpoctpahctbo 


IlycTb onaTb (X,£/,p) — npocTpaHCTBO c kohchhoii HeoTpnn,aTejibHon Mepoii. HanoMHiiM, hto ^ >1 {p) — sto 
npocTpaHCTBO Bcex /i-iiHTerpiipyeMbix (JiyHitpini Ha X. 

3 aMeaaHHe. IIpocTpaHCTBO ^ 1 {p) He HBjiaeTca jiimeimbiM npocTpaHCTBOM, noTOMy hto mm flonycKaeM cJiyHK- 
hhh, He onpeflejieHHbie b HexoTopbix TOHKax. Tor,n,a h 6 bo 3 mo>kho xoppeKTHO onpeflejuiTb, HanpiiMep, cyMMy flByx 
(])yHKHHH, He onpe^ejieHHbix b o^hoii h toi”i ace Tonne. IIosTOMy o 6 mhho paccMaTpiiBaiOT cjiaKTopnpocTpaHCTBO 
L 1 (/t) = Jz? 1 ^)/ r^e ~ — OTHOHiemie 3 KBiiBajieHTHOCTii, / ~ g *=> f = g n.B. 5 Icho, hto npocTpaHCTBO L 1 (p) 
HBJIHeTCH JIHHeHHbIM npOCTpaHCTBOM. 

B npocTpaHCTBe L 1 (p) onpeflejiaeTca nopMa cjiyHKpiiii / no (JiopMyjie H/Hliqj) = / \ f\dp (iraor^a imfleKC L 1 (p) 

x 

y HopMbi 6 yn,eM onycKaTb, Kor^a hcho, o KaKOii HopMe imer penb). OneBHflHO, hto HopMa KoppeKTHO onpeflejieHa, 
nocKOjiBKy ot H 3 MeHeHHH 3 HaneHHH cjiyHKHHH Ha MHoacecTBe HyjieBoli Mepbi pe 3 yjiBTaT He noMeHaeTca. 

BBe^eHHaH HopMa fleftcTBiiTejibHO HBjiaeTca HopMoit, nocKOJibKy ^jih Hee cnpaBe^jiiiBbi Bee CBOiicTBa HopMbi: 

!) ll/ll > 0; npiineM ||/|| = 0»/ = 0e L 1 ^); 

2) \\ a f\\ = |ck| • ||/|| npn jho6om ael; 

3) ||/ + 3KII/II + N|. 

CnpaBefljiHBOCTb cboiictb l)-3) OHeBii^HO cjie^yeT H3 cbohctb HHTerpajia JIe6era. 

TaKIIM 06 pa 30 M, npOCTpaHCTBO L 1 (p) HBJIHeTCH HOpMIipOBaHHbIM JIHHeHHbIM npocTpaHCTBOM. 

TeopeMa 3.12. IIpocmpaHcmeo L 1 (p) nojino, m.e. oho eipe u 6anaxoeo npocmpancmeo. 


□ IIpocTpaHCTBO nojiHO Tor^a h TOjibKO Torfla, xor^a jnoSaa (JiyHflaMeHTajibHaH nocjieflOBaTejibHOCTb b hcm 
cxo/i,HTCH. IlycTb nocjieflOBaTejiBHOCTb {f n } (JiyH^aMeHTajibHa. Tor,ii,a OHa (JiyH^aMeHTajiBHa no Mepe: p{{x : \f n {x) — 
— f m (x) | ^ c}) — > 0 npn n,m — > oo pji a aio6oro c > 0. 3 to acHO H3 HepaBeHCTBa He6bimeBa: p{{x : \f n (x) — 


- fm(x) | > c}) < 


f\fn-fm\dp 


= — \ \fn — /m||- riosTOMy cymecTByeT no^nocjieflOBaTejiBHOCTb f rlk , cxo^amaaca n.B. 


k (JiyHKipiH /. IlycTb 3a^aHO npoii3BOjibHoe e > 0. Tor,n,a cymecTByeT N, Taxoe hto ^jih Bcex n,m > N BbinojiHeHO 
HepaBeHCTBO ||/„ — / m || < e. IIpii jho6om (JniKCiipoBaHHOM n o > N HMeeM |/„ 0 — f nk | — > |/„ 0 — / 1. IIo TeopeMe OaTy 
/ l/no - / 1 < £■ Tor^a ||/|| < ||/„ 0 - /|| + ||/„|| < oo, noaTOMy / e L l {p) h ||/„ - /|| 0 npn n -»• oo. ■ 


Banana 3.3. floKasamb, umo npocmpancmeo fiyHKyuu, adcojimmno unmezpupyeMux na [0, 1] no PuMany, nenoA- 

HO. 
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3.3.2. Hepabehctba Tejib^epa h Mhhkobckopo 


TeopeMa 3.13 (HepaBeHCTBO Tejib^epa (Holder)). Ilycrm> p > 1 u q maKoeo, nmo ^ ^ = 1, m.e. q = ^L.. 

nycmb cfiyHKv,uu f,g p-U3MepuMU, npuueM (fiynKyuu \f\ p , \g\ q p-unmezpupyeMU. Tosda ftynKyusi fg nejiaemcfi p- 
immezpupyeMou u ||/g|| < ||/|| p • |M| g (||/|| p = (/ \f\ p dp) 1/p , \\g\\ q = (f \g\ q dp) 1/q ). 

□ /(jih jik>6bix HeoTpi-maTejibHbix Hiiceji a, b cnpaBe^juiBO HepaBeHCTBO ab ^ — + — (,n,oxa3aTB b xanecTBe 


3a,n,aHii!). IIoaTOMy 


I/I Iffl „ i l/l p , i \a\ q 


I P 


\\l g 


(ecTecTBeHHO, mbi npe/piojiaraeM, hto hopmbi 


HeHyjieBbie, HHane yTBep>x,neHiie oneBi-mHo) . OTCio^a cpa3y cjieflyeT iiHTerpiipyeMOCTB (JjyHxipin fg. ^omhojxhb sto 

II II V ||f || / 1 f\f\ Pd d || || 

p • || < 7 1| g n 3aTeM nponHTerpnpoBaB no MHO^cecTBy A , nojiynnM \\jg\\ $ — - UrtU - 1 - 


HepaBeHCTBO Ha 


P 


iip- 1 

lip 


+ -■ • \\f\\p = (1+ J) • WfWp ■ \\ 9 \\< = \\f\\p ■ h\U- ■ 

q llsllg X P V 

TeopeMa 3.14 (HepaBeHCTBO Mhhkobckoto) . Ilycmb p ^ 1, a (fynnyun f,g p-u3MepuMU, npuueM \f\ p , \g\ p £ 
€ ££ 1 (p). Tozda |/ + g\ p £ ££ 1 (p) u ||/ + <?|| p ^ ||/|| p + ||g|| p , zde o6o3Hauenue || • || p 03Hauaem mo otce caMoe, umo u 


e Hepaeencmee r'ejibdepa. 

□ n P n p = 1 /],OKa3BiBaTB Henero. IlycTB p > 1 . Bo3bmcm q = 3aMeTiiM, hto | / + g\ p ^ 2 P (|/| P + |g| p ), 
1160 npn jiio6om x £ X cnpaBeflju-iBO HepaBeHCTBO | f(x) + g{x) \ ^ 2max{|/(x)|, |<7(x)|). OTCiOfla | / + g\ p £ JS? 1 ^). 
^ajiee, iiMeeM | / + g\ p ^ \f + <?| p_1 • |/| + | / + g | p_1 • |g|. 3aMeTHM, hto cjDyHxipia | / + g| p_1 HHTerpupyeMa b 
CT enemi q. IIoaTOMy no HepaBeHCTBy FejiBflepa J \ f + g\ p ~ l • |/| dp. < (f | f + g\ p dp) l ^ q ■ (f \f\ p y^ p , aHajioniHHO 
/ l/ + 5l p_1 • \g\dp < (/ \f + g\ p dp) l / q ■ (f |g| p ) 1/p . 3HaHiiT, J \f + g\ p dp < (/ | f + g\ p Y /q ■ (||/|| P + ||p|| P )- OcTajiocB 

saMeTHTb, hto J \f + g\ p dp = ||/ + ff|| p , (f \ f + g\ p dp) 1 ^ = \\f + g\\ p P /q = ||/ + 5|| P (1 p) = \\f + gW ^ 1 h pasAejniTB 
HepaBeHCTBO Ha ||/ + fl , || p _1 - ■ 


3.3.3. ITpoctpahctbo J? p {p) 

no onpeflejieHiiio npocTpaHCTBO J £ p ( p ) — mhojkcctbo /i-H3MepnMbix cj)yHKnnH, thkhx hto |/| p £ £ 6 Jl ( p ). Kax h 
b .^f^^-cjiynae, bbo^iim cjaaKTopnpocTpaHCTBO L p (p) = ££ p (p)/ H 3 HepaBeHCTBa MiiHKOBCKoro cjie^yeT, hto L p (p) 
jiHHeHHoe npocTpaHCTBO. Tenepb hcctho 3aBe^eM L p -HopMy: ||/|| p := ||/||lp = (/ l/l p dp ) 1 ^. 3to fleficTBiiTejiBHO 
HopMa, noTOMy hto Bee CBoiicTBa l)-3) (cm. n. 3.3.1) pjisi || • || p cnpaBe^jiiiBbi. 

TeopeMa 3.15. Ilpocmpancmeo L p (p) no/mo. 

□ PaccyjKfleHiia aHajioniHHBi paccyjK^eHiiHM npn floxasaTejiBCTBe TeopeMBi 3 . 12 . nycTB nocjie^OBaTejiBHOCTB 
{fn} C L p {p) <J)yHflaMeHTajiBHa no HopMe || ■ || p . Tor^a OHa (JjyH^aMeHTajiBHa no Mepe, Tax xax no HepaBeHCTBy 
He6BimeBa iiMeeM p({x : \f n (x) - f m (x)\ ^ c}) = p{{x : \f n {x) - f m (x) \ p ^ c p }) < ^||/ n - / m || p -A 0 npii m,n — > 00 . 
no TeopeMe 2.16 nocjieflOBaTejiBHOCTB {f n } co/i,ep>KHT noflnocjie^OBaTejiBHOCTB f nk , cxo^amyiocH n.B. x HexoTopoii 
(JjyHKHHH /. nycTB e > 0 — npoii3BOjiBHoe hhcjio. Tor^a cym,ecTByeT N £ N, Taxoe hto || f n — f m \\p < £ npn jho 6 bix 
n, to > N. n P H jiio 6 om (JjHxcupoBaHHOM no > N iiMeeM \f no — f nk \ p n ’ B > |/„ 0 — f\ p , OTxya,a no TeopeMe OaTy 
||/no “ /Up < £• AaJiee no HepaBeHCTBy Mhhxobcxoto iiMeeM ||/|| p < ||/„ 0 - /|| p + ||/„ 0 || p < oo, noaTOMy / £ L p (p). 
HaxoHep, npn jho 6 om n> N i-meeM ||/ - /„|| p < ||/ - f no || P + ||/n 0 - /n|| P < e + e = 2 e, OTxy^a ||/ - /„|| p -A 0 npn 
n — >• oo. ■ 


3.3.4. CBiI3E> PA3HBIX BHflOB CXOflHMOCTH H3MEPHMBIX ©yHKI^HH 

3Ta cbh3b MOJxeT 6 bitb npoiijijirocTpiipoBaHa cjie,n,yioiH;eH cxeMoit: 


paBHOMepHaa = 

/ 

EropoB / 

I HOTOHeHHas 

Mepti) \ 


nOHTH BCIO/iy 


=^> CXO^HMOCTb L P 



=> no Mepe • 

(noflnocjieflOBaTejibHOCTb) 


CXOflHMOCTB L 1 


Hy5x/i,aeTCH b hohchchhh tojibxo iiMnjnixapHH «cxofliiMOCTB L p =$■ cxo^iimoctb L 1 ». OHa cjieflyeT H3 HepaBeHCTBa 
rejiBflepa: ||/||i = ||/ • l||i < ||/|| P • ||1||, = ( p { X)) 1/q ■ |j/|| p , ^6?=^. 

Sa^ana 3.4. Ecjiu f n f u \f n \ ^ ede $ p-unmeepupyeMaJi tfiyHKyusi, mo f n — ->• /. 
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3a;ia>ia 3.5 (TeopeMa Bhteuih <&MXTeiirojibii,a K)nra (Young)). Flycmb f n f. Ilycrm> (fyijux/u/au /„ u 

1 

/ y-unmezpupyeMU. Tozda f n — > f <=>■ J \f n \ dp —> f \f\dy. 

3.3.5. O I1POCTPAHCTBE L°°(p) 

IlycTt L°°(y) — 9 to MHOJKecTBO KjiaccoB sxBiiBajieHTHbix (JjyHKgmi, KOTopBie o 6 jiapaiOT orpaHHHeHHOii MopHtJnixa- 
pnefi, T.e. jno 6 yio TaKyio c^ymcpiiio / mokho nepeonpepejuiTb noHTii Hiirpe (= Ha MHOJxecTBe Mepbi Hyjib) h nojiyniiTb 

orpamiHeHHyio (JiyHxpiiio. HopMa bbopiitch no 4 >opMyjie ||/||oo = ||/||l°» := inf sup |/(x)|. 

f- f ■< < v 

Sapaua 3.6. Ilpoeepumb, umo smo nopMa, u doKa3arm> no.tmomy L°° . 

Sapaua 3.7. / JoKa3amt> , umo f £ L°°(y) O- sup ||/|| p < oo, m.e. f £ L p (y) djisi jik >6 ozo p 1 ; u npueecmu 

1 ^P<oo 

npuMep nedocmamouHocmu moJVbKO npunad.aewcHocmu cfynKyuu f eceM L p 6e3 paenoMepnou ozpanuueHnocmu ||/|| p . 


3.3.6. EEpoctpahctbo L 2 (y) h Ero cbohctba 

3to npocTpaHCTBO co cxajiapHbiM npoH3BepeHiieM (/, g) = J fg dp. Bee CBOiiCTBa cxajiapHoro npoH3BepeHiiH oue- 
BHpHhi. IIojiHoe eBKjiiipoBO npocTpaHCTBO no onpepejiemiK) Ha3biBaeTCH zu . m > 6epmoeuM npocmpancmeoM , noaTOMy 
npocTpaHCTBO L 2 ( y ) rnjii>6epTOBO. 

3a,paHa 3.8. / foKa3amb , umo e L 2 ( y ) ewno/insiemcsi HepaBeHCTBO Koimr ByrnixoBCxoro: |(/,g)| ^ ll/lb • ||<?|| 2 - 

IIpepjiojKeHne 3.16. Ilycmb H — zuJit>6epmoeo npocmpancmeo u L C H — 3aMmymoe .auneunoe nodnpo- 
cmpancmeo e h'6m. Idycmb a ^ L, mozda cyipecmeyem eduncmeennuu 3JieM,enm h £ L, maKou umo ||a — h\\2 = 
= inf{||x — a ||2 : x £ L}. 


□ EduHcmeennocmb. IlycTb ecTb em,e opim ajieMeHT h £ L, h ^ h, ypoBjieTBopHioipHii ycjiOBino TeopeMbi. 
Torpa paccMOTpiiM (He 6ojiee ueM TpexMepHoe) nopnpocTpaHCTBO ( a,h,h ). B hSm mhhhmvm paccTOHHiin ot a po 
nopnpocTpaHCTBa (h, li j pocTiiraeTCH b epiiHCTBeHHon Tonxe, nosTOMy h = h. 

Cyiyecmeoeanue. IlycTb d := inf{||x — a ||2 : x £ L}. Torpa cyipecTByeT nocjiepoBaTejibHOCTb ajieMeHTOB x n £ 
£ L, Taxan hto \\x n — a||| ^ d 2 + T PaccMOTpnM npocTpaHCTBO S = S n ,k = ( a,x n ,Xk ) n opToroHajiBHO enpo- 
exTiipyeM ajieMeHT a Ha njiocxocTb (x n ,Xk)- 06o3HamiM nojiyneHHbiii ajieMeHT nepe3 p. Torpa, Hcnojib3yH xoHen- 
HOMepHOCTB npocTpaHCTBa S, nojiyuaeM penouxy HepaBeHCTB d 2 ^ ||a — p||| ^ ||a — a; n || 2 ^ d 2 + AHajioniHHO 
d 2 < || a - p\\l < || a - Xk\\ 2 < d 2 + Torpa ||a: n - x fc || 2 < ||x n - p|| 2 + ||ar fe - p|| 2 = (TeopeMa IlH^aropa) = 


= -^/||a — XnlH — || a — pH 2 + \/||a — XfelH — ll a — Pill ^ ^ CjiepoBaTejibHO, nocjiepoBaTejibHOCTB {x n } (JjyHpa- 


MeHTajibHa. Tax xax npocTpaHCTBO H nojiHO, a nopnpocTpaHCTBO L 3aMXHyTO, to cymecTByeT sjieMCHT h £ L, Taxoft 


hto x n — > h £ L npn n — > 00 . IIoxajxeM, hto h — hcxombih BexTop. ,Z(eiiCTBHTejibHO, iiMeeM ||a — h \\ 2 ^ ||a — x n ||2 + 



h || 2 - IlepexopH x npepejiy npn n — > 00 , nojiymiM ||a 


h || 2 < d, T.e. || a, 


h || 2 = d. 


B nacTHOCTH, yTBepjxpeHiie TeopeMbi BepHO h pjia L 2 (y). 

CjiepcTBne 3.4. Ilycmb H — ztuib6epmoeo npocmpancmeo, l — nenpepuenasi jiuneunasi (fiynKyufi na H . Tozda 
cyipecmeyem eduncmeennuu 3JieMenm v £ H, maKou umo l(x) = (x,v), u o6pamno: npu .hw6om v £ H jiuneunasi 
cfjyHKyuH l(x) = (x,v) nenpepuena. B uaemnoemu, e cjiyuae L 2 (y) uMeeM 1(f) = J fgdy djui neKomopozo (fmucupo- 
eannozo g £ L 2 (y). 

□ Ecjih v £ H 11 l(x) = (x, v ), to |Z(x) — l{y)\ = \{x — y,v)\ ^ ll^ - 2 /|| • IMI no HepaBeHCTBy Kohih ByHHxoBCxoro, 
OTxypa cjiepyeT HenpepbiBHOCTb l. 

06 paTHO, nycTb l — HenpepbiBHaa (JiyHxpiiH Ha H . Ecjiii l = 0, to mojxho b3htb v = 0. IlycTb l 0. Torpa 
nojiojxHM L = Ker l. OneBnpHO, hto L — 3 aMXHyToe nopnpocTpaHCTBO. Bo 3 bMeM ajieMeHT a, Taxoif hto 1(a) = 1 
(Taxon sjieMeHT cyipecTByeT, 1160 1^0). IlycTb h — npoexpua sjieMeHTa a Ha npocTpaHCTBO L. IlycTb v = ■ 

PaccMOTpiiM jiHHeHHyio (JiyHxpiiio lo(x) = (x,v). HMeeM lo(v) = (v,v) = ■ KpoMe toto, l(v) = , xax xax 

1(h) = 0. 3 HaHiiT, Iq(v) = l(v). Ecjiii x £ L, to l(x) = 0 h Iq(x) = 0, npuneM nocjiepHee cjiepyeT H3 toto, hto till. 
OTCiopa nojiynaeM, hto l = Iq, 1160 jiioGoh ajieMeHT x £ L npepcTaBHM b Biipe x = Xv + z, rpe z £ L. ,Z(eHCTBHTejibHO, 
x = (x — l(x)(a — h)) + l(x)(a — h), npuneM l(x — l(x)(a — h)) = l(x) — l(x)l(a) = 0 h l(x)(a — h) £ (v). ■ 


3.4. TeopeMa PaflOHa-HuKOflUMa 

OnpepejieHne. IlycTb /i. v — HeoTpiipaTejibHbie Mepbi Ha a- ajire 6 pe si . PoBopjiT, hto Mepa v adcojiwmno nenpe- 
puena omnocumejibno Mepu y, ecjiii v(A) = 0 pjia bchxoto MHOJxecTBa A £ si , Taxoro hto y(A) = 0 . 

06o3HaueHHe. v <C /J. 
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Onpe,u,ejieHHe. FoBopsiT, hto Mepbi p h v 63 auMno cumyjisipHu, ecjin cyipecTByiOT MHOxcecTBa X\, X 2 £ sd , Tam-ie 
hto Xi nX 2 = 0, Xi U X 2 = X, a p(X 2 ) = v(X 1 ) = 0. 

06o3HaneHHe. p _L v. 

3to 03HanaeT, hto MepBi /imi/ cocpeflOToneHbi Ha HenepeceKaiomiixcH MHO»cecTBax. 

IIpHMep 3.1. IlycTb p - HeoTpiipaTejiBHaH /x-HHTerpiipyeMaa cjiy HKipra . IIojiojkiim v(A) = f p(x) dp. Tor,n,a v — 

A 

Mepa Ha < 2 / ei/<C p. 

00 00 N 

□ EcjIH MHOJKeCTBa Ai flHSblOHKTHbl II A = |J Ai, TO XA = X] XA n - IIpH 3TOM XA n Ss 1 npn jho6om N £ N. 

i — 1 n= 1 n = 1 

N N 00 

no TeopeMe JleGera v(A) = / XApdfi = lim f ^ XA n pdp = lim i/( |J A n ) = ^ i/(A n ), hto h Tpe6oBajiocb. ■ 




N—> 00 


X n=l 


N—±oo 


IIpHMep 3.2. IlycTb p — Mepa JIe6era Ha [0,1], a v — Mepa ^upaKa b Hyjie: v(A) = < ’ ^ ’ Toiyja p _L v, 

10, 0 (p A. 

MOJKHO B3HTB X\ = (0, 1] H ^2 = {0}. 

TeopeMa 3.17 (Pa^oH— H hko,o,hm). Ilycmb v, p — Heornpuv/mie./ 1 'bHue Mepu na a-aAzedpe srf u v -C p. Tozda 
cyvpecmeyem manan, HeompuyameAbHasi p-unmezpupye.uaA cpyrnyusi p, umo is (A) = f p dp dsui aw6ozo A £ sf . 

A 

3aMeaaHHe. Ovhkhhm p Ha3BiBaeTCH nAomnocmbw Padona-HuKoduMa MepBi v. 
dis 


06o3HaneHHe. p = 


dp 


□ PaccMOTpiiM npocTpaHCTBO L 2 (p + is). Ha h6m ecTB jiimeimaH <J>yHKiinsi l(y>) = f ipdv, r^e ip £ L 2 (p + 

x 

+ is). 3ia (JiyHKpiiH: onpe^ejieHa KoppeKTHO, nocKOjibKy ecjin cjjyHKipiH ip H3MepnMa OTHOCiiTejibHO Mepbi p + is, to 
OH a H3MepiiMa OTHOCiiTejibHO is, npiiaeM ecjin ip = <p n.B. othochtcjibho p + is, to p = ip n.B. othochtcjibho is. 

JIimeimocTb (j)yHKHHH l OHeBiiflHa. noKajKeM, hto l HenpepBiBHa: | l(ip) — l(ip)\ = 


J(p-tp) dis 


X 


< / \<p - V’l dis < 


< / \<p - V’l d(p + is) < (HepaBeHCTBO Komii-ByHHKOBCKoro) < \\ip - V’IU 2 (m+^) ' PI U 2 (/*+^) = x/(m + PPO • IP - 
~ '0|U 2 (At+i/)' no cjieflCTBHio 3.4 cyipecTByeT (JiyHKpiiH g £ L 2 {p + is), Taxas hto l(ip) = f ipgd(p + is) ^jih jhoSoii 

x 

([jyHKHHH ip £ L 2 (p + is). nojiynaeM f ipdis = J pg dis + J ipg dp pjm jho6oi“i <p £ L 2 (p + is). OTCio^a f ip(\ — g) dv = 

g 

= / ipg dp. noKajKBM, hto b KanecTBe p mojkho b3htb c[)yHKHHK) p := . no,n,CTaBHM b nocjie^Hee paBeHCTBO 

1 - 9 

c[)yHKH,Hio ip = X{x-.g(x)= l}- CjieBa nojiyniiM HOjib, nosTOMy h cnpaBa hojib, OTKy^a p{{x : g(x) = 1}) = 0, T.e. j / 1 
//-noHTii BCio^y. Tenepb noflCTaBHB b to »ce paBeHCTBO p = X{x-.g(x)^ i}) nojiyniiM cjieBa HenojiojKHTejibHoe 3HaHeHiie, 
a cnpaBa HeoTpiipaTejibHoe, nosTOMy o6a stiix 3HaHemiH Hyjni h p({x : g{x) ^ 1}) = 0, T.e. g < 1 /i-noHTii 
BCio^y. Tenepb no^CTaBiiM b to »ce paBeHCTBO ip = X{x-.g{x)< o}- CjieBa nojiyHHM HeoTpupaTejibHoe 3HaHeHiie, cnpaBa — 
HenojiojKi-iTejibHoe, OTKya,a p{{x : g{x) < 0}) = 0, T.e. g ^ 0 /i-noHTii BCio^y. HTax, (JiyHKpiiH p onpe^ejieHa /i-noHTii 
BCio^y, p- H3MepnMa nan OTHOHiemie /j-H3MepHMbix cjiyHKHHH h HeoTpiipaTejibHa. 

Xx 

nycTb X n := {x : g(x) ^ 1 — ^}. Tor^a B03bMeM cjjyHKpino tp n = ^ ■ Hmccm f p n gdp = f <p n (l — g) dis = 

= J Xx n dv ^ is[X). no TeopeMe OaTy (JiyHKpHH p HBjiaeTCH /i-iiHTerpiipyeMOii h f p dp ^ v(X). ^ajiee, Xx n (x) — > 1 

/i-noHTii BCiofly h noTOMy xx n (x) —>■ 1 i^-noHTii Bcro^y. nosTOMy v(A) = lim f xx n dv = lim f xa • Xx n ■ • (1 — 

n—¥ oo ^ n—¥ oo 1 & 

— g) dv = lim f xa ■ Xx,„ • -r~ dp = lim f xx„ • p dp = f p dp, r^e nocjie^Hee paBeHCTBO cjie^yeT H3 TeopeMbi JIe6era, 

n—>oo y 1 9 n— ^ 

Tan Kan c[)yHKH,HH p /i-iiHTerpiipyeMa. I 

3aMenaHHe. ^OKasaTejmcTBO TeopeMbi Pa^OHa-HiiKOflHMa flaeT 6ojibmee: nycTb p, v — HeoTpupaTejibHbie Mepbi 
Ha srf , ho Tenepb Mbi He TpeSyeM a6cojnoTHOii HenpepbiBHOCTii. Tor^a cyipecTByeT (JiyHKpHH p £ L 1 (p) h HeoTpiipa- 
TejibHaa Mepa po Ha si , Taxue hto v = p ■ p + p 0 , npimeM po _L p. 

Havana 3.9. JJ,0Ka3amb smo, ucnoAb3yA anaAozuHnue paccyotcdeHUA, nan u e doKa3ameAbcmee meope.HU Padona- 
HuKoduMa. 


IIpHMep 3.3. nycTb A — Mepa JIe6era Ha [0, 1], <5 — Mepa fliipaxa b Hyjie. Tor^a A + <5 = l- A + <5. 

3aMenaHHe. B cjiynae SopejieBCKiix Mep Ha R BCHKan Mepa v mojkct 6bitb 3anncaHa b Bii^e v = p ■ A + vq, r^e A — 
Mepa JIe6era, p — A-HHTerpiipyeMaa 4)yHKH,HH h vq _L A. KpoMe toto, Mepa vq iiMeeT He 6ojiee neM cneTHoe MHOncecTBO 
TOHeK t n , pjlSl KOTOpbIX Vq (t n ) > 0 KajKflOTO k KOJIIIHCCTBO TOHeK MCpbl 6ojIbHie 1 / fc KOHeHHO, Tax KaK Mepa Bcero 
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npocTpRHCTBa KOHenHa). IIosTOMy p o = v c + Z c n 5t n , r^e St — Mepa /JnpaKa b tohk6 t n p c _L A, npiineM Mepa p c He 

n— 1 

riMeeT Tonex nojioJKiiTejiBHOii MepBi. 3 to Mepa aBjiaeTca uucmo nenpepuenou cunzyAApnou KOMnonenmou MepBi p. 

3.5. TeopeMa <t>y6nHM 1/1 CMe>KHbie Bonpocbi 

3.5.1. nPOH3BE,Z],EHHE MEP 

IlycTB (X, gY , p) h (Y, p) — n3MepnMbre npocTpaHCTBa c kohchhbimii HeoTpupaTejitHbiMii MepaMii. Ilpn A £ g/ 
ii B (L 33 nojiojKiiM (p x v)(A x B) = p(A)v(B). Taxiie MHoacecTBa Ax B Ha3BiBaiOTCH u3MepuMu.uu npsiMoyzoAb- 
HUKaMU. Ohii He o6pa3yiOT ajireSpy, ho gY <S> AS — cr-ajire6pa, nopoacfleHHaa ii3MepriMBiMii npaMoyrojiBHincaMH, — 

flOCTotaa Harnero paccMOTpemia. AareSpa, nopojKfleHHaa it 3 m e p h m b r m h npaMoyrojiBHHKaMH, coctoht h3 ^hs'btohkt- 

N 

hbix KOHeHHBix oGtefliiHeHiiii [J A n x B n , r^e A n £ gY , B n £ AS. Ha Taicne MHoacecTBa Mepa p x p ecTecTBeHHO 

n= 1 

N N 

npoflOjDKaeTCH: [p x p)[ [J A n x _B„] = Z p(A n )i'(B n ). ^OKaxeM cneTHyio a^miiTiiBHOCTB 3 toi"i MepBi. 

n — 1 n=l 

TeopeMa 3.18. Mepa p x v cHemHo-addumuena na a.aze6pe, nopootcdemou u3MepuMUMU npfiMoyzoAbnuKaMU. 

OO 

□ nycTb CHanajia C = |J A, r^e (7 = i x B h C; = A, x Bp A, At £ gY , B,Bi £ BBe^eM cjjyHKipiii 


/„ : A — M cjieflyiomHM o6pa30M: f n (x) = 


P(Hn)> 3J G A n , S , / rj\ 

>Lcho (npoBepbTe!), hto Z Jn = U \B) na MHoacecTBe 
0, X <£ A n . n = 1 ' 


A. no TeopeMe B. JleBii Z f fn dp = f v(B) dp = p(A)v(B). Ho f f n dp = v(B n )p(A n ) = (p x v)(C n ), h TeM caMBiM 
n=lA A A 

b nacTHOM caynae cneTHaa a/miiTiiBHOCTB ,n,OKa 3 aHa. 

N oo M n 

nycTt TenepB C = |_| Cj, rpe Cj — H 3 MepnMt>ie npaMoyrojiBHiiKii, n C = u Dni -D n — | | D n i^ 7 i — 1 , 2 ,.. 

j=l n=l i — 1 

h D n ,i — H3MepHMbie np^Moyro jibHHKn . IlycTb D Cj. Tor^a MHOOKecTBa D n ^j r n,H3 r bK>HKTHbi n Cj = 

oo M n AT oo M n N 

= U U D n,i,j , Dn,i = u A no yace AOKa 3 aHHOMy HMeeM p{Cj) = J 2 J 2 = Z) A h 


7=1 


n=l 1 


j=l 


n— 1 i=l 

AT Af n oo 

p(C) = Z m(A)> ^(Dn) = Z M-A,*)- BBH^y a6cojiiOTHOH cxofliiMOCTii Bcex pa^OB noayaaeM /x(C7) = Z MA)- B 
j=l 2=1 n=l 

er-Ajire6pa, nopojK^eHHaa npaMoyrojiBHiiKaMii, o6o3HaaaeTca aepe3 (8>^- Ho ^OKa3aHHOMy (TeopeMa 2.12) Mepa 
p ® v c ajire6pBi, nopojK^eHHOii H3MepnMt>iMn npaMoyrojiBHiiKaMii, npo^ojiacaeTca .no caeTHO-a/miiTiiBHOii MepBi Ha 
^ (8> <^. /I,aaee, 9Ty Mepy mohcho npo^aiiTB Ha jieSeroBO nonoaHemie A£(stf <S> S§) := 

nonoaHeHHaa caeTHO-a/miiTiiBHaa Mepa Ha jie6eroBOM nonoaHeHim «Sf o6o3HaaaeTca aepe3 p® v ii Ha- 
3BiBaeTca npou3eedenueM Mep p h p. 

Onpe,a,ejieHHe. Mepa p Ha cr-aare6pe f Ha3BiBaeTca no/moix , ecjin ^jia jnoGoro MHoacecTBa E £ £ c ycjiOBneM 
/i(A) = 0 h jnoSoro noflMHOJKecTBa D C E HMeeM D £ £ (h Tor^,a a*(H) = 0). 

no nocTpoeHino p ® p - nojiHaa Mepa, flaace ccjih MepBi /i h/hjih p He 6Bian hojihbimh. 

3aMeaaHne. npii nocTpoeHiiii c x ieTHO-a [ zmiiTiiBHOii MepBi, npofloaJKeHHoit c aareSpBi Ha tr-ajire6py Bcex H3Mepn- 
mbix MHoacecTB, noayaaeTca noaHaa Mepa. 

Ha srf ® £$ Mepa p® p He o6a3aHa 6 bitb irojrHoir. 

IIpHMep 3.1. nycTB p = p = A — Mepa JIe6era Ha cr-aare6pe srf = ^ = A? Bcex n3MepnMBix no JleSery MHoacecTB 
Ha 0Tpe3Ke [0, 1], Tor^a cr-aare6pa ® MeHBine, hcm cr-aare6pa Bcex H3MepiiMBix mhojkbctb b [0, l] 2 . 

JleMMa 3.19. IIycrm> (A, &/) u (Y. 3§) — u3MepuMue npocmpancmea. Tozda Oah jik>6ozo MHootcecmea E £ srf 
u jiw6ozo y £Y uMeeM E y £ g/ , zde E y := {x £ X : (x, y) G E}. 

3aMeaaHne. MHoacecTBa E y h aHaaoniHHBie hm MHoacecTBa E x := {y £Y : ( x,y ) G E} Ha3BiBaiOTCH ceuenusiMu 
MHoacecTBa E. 

□ Ecjiii E = A x B, r^e A £ g/, B £ AS, to sto oaeBHflHO. 06o3HaHiiM aepe3 £ Kaacc Bcex MHoacecTB 
E £ g/ ® AS, pjisi kotopbix 3to BepHO. YTBep}KflaeTCH, hto £ — cr-aare6pa. ^eiiCTBiiTeaBHO, (A x Y)\E £ £, h6o 

OO OO OO 

((A x Y)\E) y = A \E y . Jlpjiee, ecan E n £ £ , to (J E n £ £, noTOMy hto ( (J E n ) y = (J ( E n ) y . Tax Kan £ coflep>KiiT 

n= 1 n — 1 n=l 

cr-aare6py, nopojKfleHHyio n3MepnMBiMH npaMoyroaBHiiKaMii, to £ — gY ® AS. ■ 

CjieflCTBHe 3.5. Ecjiu gY — neu3MepuMoe no Bopejiw nodjunozHcecmeo na ompe3Ke [0, 1], mo oho 6ydem neu3Me- 
Pumo no BopeAw u e Keadpame [0, l] 2 . TIpu omo.u Mnootcecmeo AY u3MepuMo no JIe6ezy e ueadpame u UMeem Mepy 
HyAb. 
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3.5.2. 3AMEHAHME O BECKOHEHHL.IX MEPAX 

Mojkho paccMaTpiiBaTb caeTHO-a^mHTHBHBie MepBi p : < 2 / — > R + . B stom cjiyaae caeTHaa a^miiTiiBHOCTB onpe^e- 

OO OO 

jiaeTca TaK ace, KaK a pjia npocTpaHCTB c KOHeaHBiMii MepaMii: p( [J (A n )) = ^ p(A n ) G R. Ho b stom cjiyaae ecTB 

n— 1 n= 1 

o,a,HO HOBOBBCfleHiie: o6a3aTejiBHBiM TpeGoBamieM aBjiaeTca p(0) = 0 (b npocTpaHCTBax c KOHeaHBiMii MepaMii sto 
B binojiHaeTca aBTOMaTnaecKii) . 

IIpHMep 3.2. nojioacHM p(0) = 0, p(A) = 00 ^jia jnoSoro MHoacecTBa A ^ 0. Toiyi,a p — caeTHO-a^miiTiiBHaa 
6ecKOHeaHaa Mepa. 


IIpHMep 3.3. Mhojkbctbo A C R” Ha3BiBaeTca H3MepiiMbiM no JIe6ery, ecjin fljia Bcaxoro Ky6a K C R" MHoacecTBO 
Ifl A' H3MepiiMO. Pa3flejniM R" Ha Ky6oceTKy, o6pa30BaHHyio BceB03MO»cHBiMii cflBiiraMii Ky6a / = [—1,1]” Ha 

OO 

pejiOHHCJieHHbie bcktopbi c aeTHBiMii KOop,n,nHaTaMH. Hojiojkiim A„(AL) = J] A„(H (~l Ij) fljia jnoGoro ii3MepiiMoro 

3 = 1 

MHoacecTBa A C R”. nojiyaeHa caeTHO-a/miiTiiBHaa Mepa Ha R" co 3 HaaeHiiaMii b R . 

|_ OO 

Onpe^ejiCHHC. Mepa p : X — > R Ha3BiBaeTca (j-kohchhoh, ecjin X = u X n , rpe p(X n ) < 00 fljia 

n — 1 


00 

BcaKoro n G N. B stom cjiyaae p(A) = ^ l^(A H X n ) pjin BcaKoro A G si. 

n= 1 

B aacTHOCTH, Mepa JIe6era A„ na R™ aBjiaeTca cr-KOHeaHoft. 

HHTerpaji JIe6era fljia MHoacecTB c GecKOHeaHBiMii MepaMii onpefle jiaeTca tslk »ce, KaK h ^,jih mhoskcctb c ko- 

n 

HeHHbiMii MepaMii, tojibko Tenept cjjyHKpiia / Ha3BiBaeTca npocToft, ecjin / = ^ c-iXAi , iyi,e p(Ai) < 00 npii Cj ^ 0. 

i= 1 

OcHOBHoe onpeflejieHiie iiHTerpajia JIe6era ocTaeTca 6e3 H3MeHeHHH (nojiaraeM npn stom, hto Cip(Ai) = 0, ecjin Ci = 0, 
p(Ai) = 00 ). Ecjih Mepa p cr-KOHeaHa, to HHTerpaji JIe6era cbo^htch k cjiyaaio KOHeaHOH Mepai cjie^yiomHM o6pa30M. 

OO 

nojioJKHM i>(A) := 2~” 1+ | Y y p(X n n A). nycTB p(X) := 2”(1 + p(X n )) npii x G X n . Toiyi.a / / dp = J f pdv. 

n= 1 K n XX 

3a/j,aaa 3.10. CAyuau unmezpajia no decKOHennou Mepe p ceodumcsi k CAyuam a -kohchhou Mepu, maK kcik ecjiu 
f — p-unmezpupyeMafi (fiyHKpuH, mo Mepa p fiejwemcfi a-KOHennou na Mnootcecmee {x : f(x) 7 ^ 0}. 

JipR 6ecKOHeaHBix Mep BepHBi TeopeMBi JIe6era, B. JIcbii, <E>aTy, Fejitflepa, o nojiHOTe npocTpaHCTB L p . TeopeMa 
PaflOHa-HiiKO^HMa BepHa tojibko ^jih tr-KOHeaHbix Mep. 

OO OO 

Ecjih p h v — cr-KOHeaHbie Mepni, to Mepy p <8> v mojkho onpe^ejiiiTB TaK. nycTb X = U X n , Y = U Y k , 

n= 1 k= 1 


p(X n ) < 00 , p(Yfc) < 00 . Torfla nojiojKiiM p ® v := lAx n ® v \ Y k 

n,k 


3.5.3. TEOPEMA $yEHHH 

TeopeMa 3.20. IIycmt> MHOotcecmeo A C X x Y u3MepuMo omnocumeAbHO Mepu p ® p, zde p, v — Mepu na 
X,Y coomeemcmeeHHo. IlojiootcuM A x = {y : (x,y) G A} C Y , A y = {x : ( x,y ) G A} C X. Tozda dsn p-noumu ecex 
x MHootcecmeo A x v-u3MepuM0 u cfjyHKpusi x 1 — >• v(A x ) p-u3MepuMa. flasee, dsn iz-nonmu ecex y MHoatcecmeo A y 
p-u3MepuMo u (fiyuKipua, y > p(A y ) v-u3MepuMa, npuueM (p ® v)(A) = f v(A x ) dp = f p(A y ) dv. 

X Y 

□ ,U[ocTaToaHO ^,0Ka3aTb, aTO (// <S> v)(A) = J pAdp, r^e <pa(x) = V (A X ). BTopoe paBeHCTBO flOKa3biBaeTCH 

x 

aHajiomaHO. AIjim npaMoyrojiBHHKOB ^OKa3BiBaeMoe BepHO, nosTOMy BepHO h ^,jih KOHeaHbix o6 r be;iHHeHHH npaMO- 
yrojiBHiiKOB. nycTB A — npoii3BOjH>Hoe (p ® p)-H3MepiiMoe mhojkoctbo. Tor^a H3 KOHCTpyKpiin n3MepwMbix MHoncecTB 
cyipecTByeT mhojkcctbo B G si ® TaKoe aTO B D A 11 (p <S> p)(T) = (p ® p)(H) (cm. npe^jioJKeHiie 2.14). npii 

OO OO 

3tom B = P| B n , rpe B n D B n+ 1 , B n = (J B n B n — KOHeaHoe oGbefliiHeHiie flii3T>iOHKTHBix H3MepiiMbix npsiMO- 

n= 1 fe= 1 

yrojiBHiiKOB h H C ^jih jhoOoto n G N (cp. c ^OKa3aTejH>CTBOM npefljiojKeHHH 2.14). ^OKaiKeM Harne yTBepjKfleHiie 

N 

PA a MHOxcecTBa B. JlpR Ka»c/i;oro H3 mhojkcctb B n oho BepHO; pjm KOHeaHbix o6 r be;iHHeHHH Bii^a (J B n k =: C rtj w 

fc = 1 

TO»ce BepHO, nocKOjiBKy TaKiie MHOxcecTBa npe^CTaBiiMbi b Biifle flii3T.iOHKTHoro oO'be/iHHeHiia H3MepiiMbix npHMO- 
yrojiBHiiKOB. Hajree, nocjieflOBaTejiBHOCTb <J>yHKHHH ipc„ N B03pacTaeT h CTpeMiiTCH k pB n npn N — > 00 . no TeopeMe 
B. JleBii o mohotohhoii cxo^HMOCTH flOKa3biBaeMoe yTBepjKfleHiie BepHO pjisi MHO»cecTB B n . nocjieflOBaTej[i.HOCTB y>B n 
y6biBaeT h ctpcmiitch k cjjyHKpini ps npn n — > 00 , nosTOMy yTBepjKflemie TeopeMBi BepHO pjm MHoncecTBa B CHOBa 
no TeopeMe B. JleBii (ecjin MHOxcecTBa E k y6biBaiOT hjih B03pacTaiOT k MHoncecTBy E, to iix ceaeHiin B03pacTaiOT 
hjih y6biBaiOT k ceaeHiiio E). OcTajiocb flOKa3aTb Harne yTBepjKfleHiie pjm MHoacecTBa C = B\A , KOTopoe iiMeeT 
(/i(8>p)-Mepy HyjiB. CyipecTByeT mho:*bctbo B G si Taxoro xce Bn;ia, KaK h B , TaKoe hto C G B h (p®v)(B) = 0. 
n P H 3 tom C x C B x ^jih jnoSoro x € X. /l,Jia MHoacecTBa B yTBepjKflemie TeopeMBi BepHO (y»ce flOKa3aHo), nosTOMy 
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0 = (p ® V ){B) = f v(B x )dfi. OTcrofla v(B x ) = 0 /u-n.B. n noTOMy v(C x ) = 0 p- n.B. Taxi-iM o6pa30M, yTBepjKflemie 

A' 

BepHO fljra MHOJKecTBa C, a SHaaiiT, BepHO h yyin A. M 

Cjie/i,CTBHe 3.6. Ilycmb p — Koneunasi Mepa, / ^ 0 — p-UHmezpupye.uaA (fyuKyuA na X. Ilycmb Y = R 1 c 
.uepoil JIe6eza A. IIycrm> A — nodzpafmK cfoymcyim f, m.e. MHOotcecmeo {(x,y) £ X xY '■ 0 ^ y ^ /( x)}. Tozda 
f f dp = (p®\)(A). 
x 

□ HMeeM X(A x ) = f(x) pnsi jno6oro x £ X. IIo npeflbmymefi TeopeMe nojiyaaeM Tpe6yeMoe, ecjn-i npoBepiiTb 
H3MepiiMOCTb MHOJKecTBa A. IIpoBepiiM ee. Tax KaK cjayHKHyia / ^/-H3MepiiMa, to MHoacecTBO {(x, t) : 0 ^ f{x) ^ t} = 
= {(a:,i) : f(x) ^ t} bxo^iit b (T-ajire6py g/ ® SB(M}), nocKOjibKy tfiyHKipia g(x,t) = f(x) — t n3MepiiMa OTHOCi-rrejibHO 
3toh cr-ajire6pbi (icaK cyMMa flByx H3MepiiMbix (JjyHKpmi) . ■ 

TeopeMa 3.21 («J>y6nHn). Ilycmb ifynupuA f : X x Y — > R. unmezpupye.ua no Mepe p ® v. Tozda ()ah v- 
n.e. y (fiyuKyusi f(x,y) p- unmezpupyeMa u f>yHKU,uA y i— x J f{x,y)dp ne.tifiemcsi v-unmezpupyeMOu. ffa.nee, djw 

x 

p-n.e. x cfiyHKyuA f(x,y) v -unmezpupyeMa u ftyunpuA x > —> f f{x,y)dv neAAemcH p-immezpupyeMou. TIpu omoM 
J f d(p ® v) = f(f fdp)dv = f(ffdv)dp. 

XxY Y X X Y 

□ ^ocTaTOHHO ^0Ka3aTb yTBepjKflemie yyia HeoTpimaTejibHoii (Ijvhkhhh / . PaccMOTpiiM npocTpaHCTBO XxY xR 1 
c Mepofi p ® v ® A, iyje A — Mepa JIe6era. IlycTb A = {( x,y,t ) : 0 ^ t ^ f(x,y)}. IIo cjie^CTBiiio 3.6 nojiyaaeM 

/ fd{p® v) = (p ® v ® <8>A)(xl), a 3Ta Bejiiiaima no TeopeMe 3.20 paBHaeTca J (v ® X)(A x ) dp, a sto, b cboio 

XxY A 

onepeflb, no cjie^CTBiiio 3.6 paBHO f ( J f dv)dp, hto n Tpe6oBajiocb ,n,OKa3aTb. ■ 

X Y 

3aMeaaHHe. Ecjih / ii3MepnMa OTHOCHTejibHO nonojiHeHHon cr-ajire6pbi 2zf(,e/ ®SB), to npn ix-n.B. y £ Y cjiyHKpiia 
x i->- f(x,y) /K-H3MepiiMa. 3 to cjie^yeT 113 toto, hto npn cjniKCHpoBaHHOM r mhoykcctbo {(a;, y) : f{x, y) < r} HBjineTcn 
( p ® ^)-H3MepiiMbiM, OTKy^a no TeopeMe 3.20 mhoxkcctbo { x : f(x,y) < r } sBjraeTca /.i-H3MepiiMbiM npn ix-n.B. y £Y. 

3aMeiaHHe. B flOKa3aTejibCTBe TeopeMbi Ov6hhh mojkho iiMeTb ^ejio c orpaHiineHHbiMii (JiyHKnnnMH, Tax Kan 
noTOM jierKO nepeiiTii k HeorpammeHHbiM c noMom;bio TeopeMbi B. JleBii, paccMaTpiiBan cpe3Kii f n := min {/, n} 
(cmiTaeM / ^ 0). 

TeopeMa 3.22 (ToHejum). IJycrm> HeompupamejibHafi (fiyHKyusi f u3Mepu.ua omnocumeAbno .uepu p® v . Ilycmb 
f (f f dp) dv < oo. Tozda (fiyuKyusi f A6AA,emcA {p ® u)-uHmezpupyeMou. 
y x 

□ IlycTb f n = min{/, n}. Toiyi,a KajK^an H3 cjiymapin f n {p ® jx)-iiHTerpnpyeMa n no TeopeMe Ov6hhh 


/ fn d(p ® v) 
XxY 


J (J fn dfx) dv ^ 

Y X 


Y X 


dv. 


OTCio^a no TeopeMe <l>aTy (JiyHKpiin / (p ® ix)-iiHTerpnpyeMa. ■ 

Banana 3.11. Ilocmpoumb npu.uep fjyuKpuu, ne AeAATotpeucA ueompupameAbHou, d.tifi Komopou meopeMa To- 
neAAu Heeepua. 


Banana 3.12. Ilpueecmu npuMep HeompuyameAbHOu <f>yuKpuu f : X x Y -) R, k omopasi ne unmezpupyeMa 
omnocumeAbuo .uepu (p x v), ho f (f f dp) dv cyw,ecmeyem. 

y x 


Banana 3.13. Ilpueecmu npu.uep cfyHKpuu f : X x Y -> R, maKOii umo 
sie.tifiemcA ( p ® v)-uHmezpupye.uou. 


/(/ / dp) dv = f(f f dv) dp, no f ne 
Y X X Y 


3a^,ana 3.14. IIpuGecmu npuMep (^ynKv^uu f : X x Y —> M, maKOu umo 


1(1 f dp) dv ± f(ffdv) dp. 

Y X X Y 


3.6. O 3aMeHe nepeMeHHbix 

IlycTb (X, &/, p) — npocTpaHCTBO c KOHenHOii Mepofi n / : ( X , sY) — > (Y, SB) <J)yHKn,iin, HBjiaioin,aHca (sY , 3B)~ 
H3MepiiMOii. Tor^a onpe^ejieHa Mepa B i— >• (p o / _1 )(i?) := p(f~ l (B)) pji a jno6oro MHoacecTBa B £ SB. 
Onpe,n,ejieHHe. Mepa p o / _1 Ha3biBaeTca o6pa30M Mepu p npu omo6pacHcenuu f. 

5Icho, hto Mepa p o f~ 1 cneTHO-a/mi-iTiiBHa. 

Banana 3.15. Ilycmb ip — ozpanuueHHaA SB -u3.uepu.uaA fjyuKpuA Ha Y . Tozda f <p(y) d(p o f _1 ) = f ip o f dp. 

y x 

YKa3aHHe. CHanajia ;iOKa;ia'n> sto xapaKTepiiCTiiaecKiix (jiyiiKniiii. 
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Ecjiii y — Mepa JIe6era Ha R” h / : R n — >• R ra , to mojkho noiiHTepecoBaTbca, Kor^a Mepa /jo f~ l 3a^aeTCH 
njIOTHOCTblO. ,ZI,OCTaTOHHbIM yCJIOBIieM flJIH 3TOTO HBJIHCTCH fllKjxfiepeHpHpyeMOCTb / H HeBbipOJKfleHHOCTb HKoSliaHa 
f'[x) noHTii BCio^y. IlycTb h — OTKpbiTbie MHoncecTBa b R", a / — ,i];ii4Kj)eoMop4)H3M Oi — >- 02- Tor^a ajih 

jho6oii orpaHH'ieHHoft ii3MepiiM0ii <J>yHKii,nn tp : H > R HMeeM f p o f dx = J p{y) 

f2i Q2 

JleMMa 3.23. IIycrm> y — SopeAeecKaa Mepa na k y6e I\ C R", npuueM y{B + h ) = d(B) djwi jik>6ux B £ ^(R") 
u h £ R n . Tozda y = k ■ \ n , zde k £ R, X n — Mepa Jledeza h a R". Hhumu cjioeaMU, c mouHocmum do nopMupoeKU 
Mepa JleSeza — eduncmeeunaji Mepa na R”, coxpaufieMasi npu cdeuzax. 

□ ^ocTaTOHHO 3 to ^0Ka3aTb yjm n-MepHbix napajijiejiemine,n,OB Biifla (ai,/3i] x ( 02 , x ... x (a n ,/3 n \ C K, 
nocKOJiBKy ohii nopojK/i,aiOT cr-ajire6py ^(R n ). Bojiee toto, ^ocTaTOHHO orpamiHiiTbCH tcmii napajuiejieniine^aMH, fljia 
KOTopbix cti,(3j £ Q (cp. c TeopeMofi 2.3). A yjia jno6bix flByx Taxiix napajijiejieniine,n,OB Pi, P 2 HafiflCTCH HaTypajibHoe 
hiicjio n, Taxoe hto Kaac^oe 113 mhojkbctb Pi h P 2 mojkho pa36iiTb Ha pejioe hiicjio HenepeceKaioiip-ixcH Ky6nKOB 
pa3Mepa (A, A] X (A ; i] x ... x (A, A], H 3 stoto nojiynaeM, hto y{P 1 )X n {P 2 ) = y(P 2 )X n (Pi), OTKy^a 11 cjieflyeT 
^OKa3biBaeMoe yTBepjK^eHiie. I 

CjieflCTBHe 3.7. Ecjiu T — opmozoHa.aunuu Auneunuu onepamop, mo X n 0 T ” 1 = X n . 

□ H 3 npeflbiflymeft jieMMbi cjie^yeT, hto X n o T _1 = k ■ X n . Ho sth ^Be Mepbi coBna^aiOT Ha jho6om rnape, 
noaTOMy k = 1. ■ 


|Det/ , (/^(y))| 


3.7. CBepTKM 

Onpe^ejieHHe. nycTb /, g — 4>yHKii,iiii Ha R", HHTerpiipyeMbie no Mepe JIe 6 era. Tor^a ceepmKou <J>yHKii,HH f h 
g Ha 3 biBaeTCH tfiyHKipiH (/ * g)(x) := J f(x — y)g{y ) dy. Ecjiii tfiyHKipiH / orpamiHeHHa, to CBepTKa onpe^ejieHa yjisi 

R n 

noHTii Bcex x. 

TeopeMa 3.24. Ilycmt < f,g£ L 1 {W n ). Tozda ceepmm f * g onpedejieua djiA noumu ecex x, npuueM 

\\f*g\\L^\\f\\Li-\\g\\Li. 

□ PaccMOTpiiM cJjvhkhhk) g(x,y) f{x) ■ g(y). HMeeM g(x,y) £ L 1 (R 2n ) no TeopeMe B. JleBii, 1160 \g\ = 
= lim mm{\f\,k}x(\ x \ • min{|g|, ^}X{|i/|^fc}> a HHTerpaji ot npaBOii nacTH no R" no TeopeMe ®y 6 nHn He npe- 

k—t 00 1 

{ u —— x H - y ) ^ 

Tor^a g(u,v) = f(u-v)g(v) Ha 

v — y. 

R 2n . no TeopeMe Oy 6 nHii npu nonTii Bcex u £ R" (JjyHKpiiH v 1 — > f(u — v)g(v) HHTerpiipyeMa no v, a ee iih- 
Terpaji iiHTerpiipyeM no u. 3HaHiiT, 4)yHKH,iiH f * g onpeflejieHa npu nonTii Bcex u h HHTerpiipyeMa Ha R ra . Ha- 
KOHeii,, ||/ * gllz,! = / | / f(u — v)g(v) dv | du ^ f ( f \ f(u — w)g , (t;)| dv) du = ((JiopMyjia 3aMeHbi nepeMeHHbix) = 

= 1(1 \f(x)g(y)\dy) dx = J \f\dx- J \g\ dy = ||/|U? • \\g\\ L ,. ■ 

R n R n R n 1” 

3aflana 3.16. Ecjiu f £ U>( R n ), g £ L 1 (R”), mo f * g £ PP(R”). 


3.8. CB5i3b HHTerpana n npon3BOflHoPi 

3.8.1. ®yHKU,HH OrPAHHHEHHOH BAPHAU,HH 


Onpe^ejieHHe. OyHKpiiH / Ha 0Tpe3Ke [a, b] Ha3biBaeTCH (fiyuKyueu ozpaHuueHHOu eapuayuu , ecjiu KOHenHa Bejni- 

n 

Hiraa (Ha3biBaeMaa: eapuayueu (jjyHKHHH f Ha 0Tpe3Ke [a, 6]) Vr a w(/) = sup \ f(at) — fifli- 1 )|, r^e T — pa36neHne 

T i I 

0 Tpe 3 Ka Han = n(T ) nacTeii TOHKaMii a = ao < a\ < . . . < a n - 1 < a n = b. 

06 o 3 HaneHHe. / £ VB([a,b\) hjih npocTO / £ VB, Kor^a hcho, o KaKOM 0 Tpe 3 Ke n^eT penb. 

3a^aHa 3.17. Bapuayun Jiuneuna, m.e. ecjiu a ^ c ^b, mo Vr Q> 6 ](/) = Vj a , c ](/) + ^[c, 6 ](/)- 
3a^aHa 3.18. Ecjiu f £ VB([a, b\), mo f ecmu pa3Hocmu deyx MOHomonnux tfiynKyuu. 

TeopeMa 3.25 (JIe 6 er, 6 e 3 flOKa 3 aTejibCTBa) . Jlw6aji cfiyuKyusi f ozpaHuueHHOu eapuayuu n.e. dutfxfiepeHyu- 
pyeMa, u tfiyuKyufi f unmezpupyeMa. 


Mojkho 3aflaTbca BonpocoM: BepHO jih b stom cjiyuae, hto f(b) — f(a) = 


B KanecTBe npiiMepa mojkho B3HTb Ha 0Tpe3Ke [0, 1] cjsyHKipiio k(x) 



b 

J f dx 1 Otbct: BOo6m,e roBopa, HeT. 

a 


^ ^ [ 0 ) 2]’ q 1 ff \ n 

1 z Mcho, hto k (x) = 0 n.B., 

x G ( 5 , 1 ]. 
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ho cjaopMyjia HbiOTOHa-JIefifiHiipa HeBepHa. Ha caMOM ^ejie sto, BOo6me roBopa, HeBepHO flaace fljia HenpepbiBHbix 
(})yHKHHH. 


3.8.2. ABCOJIIOTHO HEI1PEPBIBHBIE ©yHKI^HH H <»OPMy.JIA HbK>TOHA-JTEHBHHU,A 


Onpe,n,ejieHHe. ®yHKu,na / Ha 3 biBaeTca adcoAwmno Henpepuenou Ha 0 Tpe 3 Ke [a, b], ecjin fljia BCHKoro £ > 0 

n 

cynjecTByeT S > 0 , TaKoe hto | /(&«) — f(ca) \ < £ RJin bchkoto KOHenHoro Ha 6 opa ^hbtjIOhkthbix HHTepBajiOB 

i=l 

n 

{(a,,^)} c ycjiOBHCM I h - a»| < 8 . 

i — 1 

06o3HaneHHe. f £ AC([a,b]). 

Henocpe^CTBeHHO H3 onpeflejieHiia cjie/iyeT 
yTBepjKfleHHe 3.26. Ecjiu f £ AC([a,b]), mo f £ C([a, 6]). 

3 aMeaaHHe. 06paTHoe HCBepHO. IIpiiMep — cjDyHKnna / Ha OTpe3Ke [ 0 , 1 ], Ha Kax^OM H 3 otpc 3 kob 
3a,n,aHHa a cjieflyiomiiM o6pa30M: ot jieBoro KOHpa OTpe3Ka ,n,o ero cepefliiHbi OHa jirmeirao B03pacTaeT ot Hyjia .no A . 
ot cepefliiHBi flo npaBoro KOHpa — .jirmeimo y6biBaeT ot A ^,o Hyjia; KpoMe toto, /( 0 ) = 0 . Hecjioamo npoBepiiTB, hto 
/ He HBjiaeTca he (JjyHKpiieH orpamiHeHHOH Bapiiauyiii, hii a6cojiiOTHO HenpepbiBHoii (JjyHKipieii. 


YTBepjKfleHHe 3.27. Ecjiu f £ AC{[a,b\), mo f £ VB([a,b]). 

□ £ = 1 Hafi^eTca cooTBeTCTByroipee 8 H3 onpe^ejieHiia a6cojnoTHOii HenpepbiBHoii (JiyHKipiH. nycTb n £ N 

TaKOBO, hto < 8. Torfla HeTpy^HO ySefliiTbca, hto Vj 0 m (/) ^ n. B 
Tenepb flOKaaceM ocHOBHyio TeopeMy. 

TeopeMa 3.28. Elycmb fyHKpuA f 3adana na ompe3Ke [a, b], Tozda f £ AC([a,b]) cyipecmeyem <f> ywnpufi 

X 

g £ ^f 1 ([a, b]), manasi umo f(x) = /(a) + f g(t)dt. IIpu 3moM (fynKpusi / n.e. dutf/fepenpupyeMa u f = g n.e. B 

a 

Hacmnocmu, f'(x) £ ^([a, b ]) u f(x) - /(a) = / f(t) dt. 

a 


3aMenaHHe. 0Ta TeopeMa ^aeT ajibTepHaTiiBHyio k j i acc h <:].) n na n wo aScojiiOTHO HenpepbiBHbix <J)yHKHnit. 


X 

□ (HacTi-iHHoe ,n,OKa3aTejibCTBo) nycTb g £ J§f 1 ([a, 6]). ^HoKaaceM, hto (JjyHKpiia fix) = f g(t)dt a6cojiiOTHO 

a 

HenpepbiBHa. nycTb £ > 0 — npoii3BOjibHoe hiicjio. Tor^a b ciuiy a6cojnoTHOi“i HenpepbiBHOCTii HHTerpajia Jle6era cy- 
ipecTByeT <5 > 0, Taxoe hto f \g\ dt < e .zyia bchkoto MHoacecTBa E c A (E) < 5. nycTb {(a,, &;)} — flH3T>iOHKTHbiii Ha6op 

E 


HHTepBajiOB Ha [a, b } c cyMMoft ,h,jiiih MeHbine e. Tor^a fT, I f{bi) — fi a i ) I 

i 


E I gdt <T,J\g\dt 

i ai i a,i 


f \g\dt<e. 

U (a t ,bi) 


nycTb f £ AC{[a, b]). Mo>kho cniiTaTb, hto /(a) = 0. H 3 yTBepjK,ii,eHiiH 3.27 cjie^yeT, hto / £ VB([a, 6]), 3HaHiiT, no 
3aflane 3.18 / npe^CTaBiiMa b Bii^e pa3HOCTii flByx mohotohhmx (J)yHKiiiiit /1 vl f 2 - ,Z3,ocTaTOHHO flOKa3aTb Tpe6yeMoe 
yTBepjKfleHiie fljia KajK^oii H3 (])yHKHHH f\ . noaTOMy mojkho cniiTaTb, hto / MOHOTOHHa h He y6biBaeT. Tor^a 
cyipecTByeT HeoTpupaTejibHaa Mepa p Ha 38(\a,b\), Tanaa hto f{x) = p([a,x)) (cp. c npiiMepoM 2.1). /JoKajKeM, hto 
/i<A. Tor^a no TeopeMe PaflOHa-HiiKOfliiMa nojiyniiM (JiyHKHHK) g £ L 1 ([a, 6]), Taxyio hto g(B) = f g dt ^jih jno6oro 

B 

X 

MHoatecTBa B £ 3@([a,,b]). B nacTHOCTii, p([a, x)) = f gdt. OcTajiocb npoBepiiTb, hto p <C A. nycTb B £ 3§([a,b\) — 

a 

MHoatecTBO c A {B) = 0. noKaaceM, hto p{B ) = 0. 3ac]3HKCiipyeM npoH3BOjibHoe £ > 0 11 HaftfleM cooTBeTCTByiomee eMy 
5 > 0 113 onpeflejieHiia aScojiiOTHOii HenpepbiBHOCTii (JjyHKipni /. H 3 onpeflejieHiia MHoacecTBa HyjieBOii Mepbi cjieflyeT, 
hto cyipecTByeT He 6ojiee neM cneTHoe MHoacecTBO HHTepBajiOB {(a^ /?,)} cyMMapHOii fljuiHbi MeHbine 8, noKpbiBaiomHx 
MHoacecTBO B. Mojkho cniiTaTb, hto 3tii HHTepBajibi flii3 r biOHKTHbi (cm. yTBepjKfleHiie 2.2). Tor^a fljia jno6oro N £ N 

N N N 00 

HMeeM E(A - a i) < ^ nosTOMy E(/(A) - /(<*»)) = E < £ - 3HanHT, J] //((aj.ft)) < £, T.e. p*(B) < e, 

i — 1 i = 1 i—1 i = 1 

OTKyn,a nojiynaeM p{B) = 0 b cnjiy npoii3BOjibHOCTii Bbi6opa £ > 0. 

yTBepjK^eHiie o flutJxJiepeHpiipyeMOCTii <|>yHKiinH f noHTii BCio^y h HHTerpiipyeMOCTii f cjie^yeT 113 TeopeMbi 3.25, 
^OKa3aTejibCTBO KOTopoii mojkho nponiiTaTb b khiitc jieKTopa «OcHOBbi Teopiiii Mepbi». B 


3aMeaaHHe. Ecjiu / — npoii3BOjibHaa a6cojiiOTHO HenpepbiBHaa cjjyHKpiia, to b KanecTBe mohotohho Hey6biBaio- 
hi;hx (JiyHKipiH f lt f 2 , tbkiix hto / = /1 - / 2 , mojkho B3HTb fx(x) := E[a,x] (/) H fi{x) := Vj a, x ](f) - /■ 

3a^aHa 3.19. ffoKa3amb, umo (fynKpun Vj a ,xl(/) ■ fle Jinemcsi adcojirnmno Henpepuenou. 

CjieflCTBHe 3.8 (<PopMyjia HHTerpnpoBaHHH no nacTHM). Ilycm'b f. g £ AC([a, 6]). Tozda eepna cjiedyioui/i.H 
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b b 

tfopMyjia: f f'gdt = fg\ b a - f fg'dt. 

a a 

□ Ovhkhhm fg aBjiaeTca a6cojiiOTHO HenpepbiBHOfi (ynpaaoremie) . Tor^a no H6flOKa3aHHoft TeopeMe 3.28 cy- 
m,ecTByiOT n.B. cjjyHKpmi {fg)' , f n g' . IIoaTOMy n.B. cjsyHKHyni / n g o^,HOBpeMeHHO fliKfxJjepeHHyipyeMbi h {fg)' = 
= fg + fg' . IIpoi'iHTerpi-ipoBaB sto paBeHCTBO ot a ro 6, nojiyniiM TpeSyeMoe. I 

3.8.3. HECKOJIbKO 3AKJIIOHHTE.n£>H£>IX 3AMEMAHHH 

Hepe3 D{[a, 6]) o6o3HanaeTca mhojkcctbo (fjyHKipiii, onpeflejieHHbix Ha OTpe3Ke [a, 6] h BCKyjy fli-Kfx^epeHHyipyeMbix 
Ha hSm. 

X 

(1) OyHKpiia f g{t) dt HE o6a3aHa 6 bitb ^HcjjcjsepeHipipyeMOH Bcro^y. npiiMep: pa3pbiBHaa cjsyHKpiia g{t). 

a 

C x v / x 

f g{t) dt) = g{x) He o6a3aHO BbinojiHaTbca bo Bcex Tonicax, iyje (fjyHKipia f = f g{t) dt ^ncjacjae- 

a ' a 

peHipipyeMa, h6o g mojkho iicnpaBiiTb Ha MHoacecTBe Mepbi Hyjib, a HHTerpaji stoto He 3aMeTHT. 

(3) H 3 Toro, hto / G H([0, 1]), BOo6in,e roBopa, He cae^yeT, hto f G HC([0,1])- MoateT OKa3aTbca, hto f £ 
J2? 1 ([0, 1]). npHMep: f{x) = a; 2 sin 4*, /( 0) = 0. ynpaacHemie: npoBepiiTb, hto f ^ jSf 1 ([a, b]). npn stom f 
HHTerpupyeMa b Heco6cTBCHHOM CMbicjie no PiiMaHy. 

(4) 3aflana: ecjin / G D{[a,b\) h f G J§f 1 ([a, b\), to / G AC{[a,b\). 
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